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1. Introduction

Anomalous diffusion is of great interest to science. A number of stochastic models for
explaining anomalous diffusion have been introduced in the literature; among them we
quote the fractional Brownian motion, the continuous time random walk, the Lévy flight,
the Schneider-Grey Brownian motion and, more generally, random walk models based
on evolution equations of single and distributed fractional order in time and/or in space
[11, 20, 38, 47, 49]. To be more precise, let K : RN — [0, 00) be an even function such that

> Kl =1. (L1)

keZN

Given a small & > 0, we consider a random walk on the lattice hZ". We suppose that at any
unit time 7 (which may depend on h) a particle jumps from any point of hZN to any other
point. The probability for which a particle jumps from a point hk € hZ" to the point hk is
taken to be IC(k — I~<) =K (l~< — k). Note that, differently from the standard random walk, in
this process the particle may experience arbitrarily long jumps, though with small probability.
Let u(x, t) be the probability that our particle lies at x € hZ" at time t € tZ. Then u(x, t + 1)
is the sum of all the probabilities of the possible positions x + hk at time ¢ weighted by the
probability of jumping from x + hk to x. That is,

ux t+1) =y Kkux + hk,1).
kezZN
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Using (1.1) we have the evolution law:

uGot+1) —u(xt) = Y Kk [ul+ hk,t) — u(x, 1)]. (1.2)
keZN
In particular, in the case when t = h? and K is homogeneous (i.e., K(y) = [y|~N*29 for
y #0, £K(0) =0,and 0 < s < 1), (1.1) holds and K(k)/7 = WNKC(hk). Therefore, we can
rewrite (1.2) as follows:
u(x, t+ 1) — ulx,t)
T

=1V Y K (k) [u(x + Bk, ) — u(x, )] (1.3)
kezZN

Notice that the term on the right-hand side of (1.3) is just the approximating Riemann sum
of

/ K(y) [u(x +y,t) — u(x, t)] dy.
RN

Thus letting T = h** — 07 in (1.3), we obtain

u(x+y,t) —u(x, t)
oru(x, t) = /RN T dy. (1.4)

The integral on the right-hand side of (1.4) has a singularity at y = 0. However when
0 < s < 1 and u is smooth and bounded, such integral is well defined as a principal value,
that is,

lim
10 JRN\B(0,¢) y|N+2s el0

= — (Cns) " (=AY ulx b, (1.5)

for a proper normalizing constant Cys > 0 (see (1.6) and Section 2). This shows that a
simple random walk with possibly long jumps produces at the limit a singular integral with
a homogeneous kernel. For more details on this topic we refer to [49]. In the case when in
(1.5), RN is replaced by an arbitrary open set G C RN and the integral kernel is restricted
only to the open set, we formally obtain the so-called regional fractional Laplacian —(—A)g,
(cf. [3, 5, 22-24]). More precisely, for

u(x+y,t) — u(x, t)d _ lim/ u(z, t) — u(x, t)d
RM\B(xe) |2 — x|NT2s

ueﬁ}(G): {u: G — R measurable, /G%dx< oo},

x € Gand ¢ > 0, we let

_ ()

_ . (L6
w21 —s)

u(x) — u(y)
AT

(—A)G, u(x) = Cnis /

{yeG,ly—x|>¢
where I'g denotes the usual Gamma function. Define

u(x) — u(y)

S —
(- M)gu() = CuaPY. | T

dy =lim(—A)g, u(x), x€G,
el0 >

provided that the limit exists. With the latter definition, the evolution law
du~+ (—A)gu=0 (1.7)
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corresponds to a kind of “censored” stable process in G C RN, which is a Lévy motion “forced”
to stay inside G. Such “restricted” Lévy motions show up an important models in both applied
mathematics and applied probability [3, 5, 11, 20, 29, 40, 46], as well as in models in biology
and ecology [27, 45]. It is interesting to note that the fractional heat equations (1.4), (1.7) also
emerge as the hydrodynamic limit of interacting particle systems that are superdiftusive in
nature, that is, the limit of systems on which particles may perform long jumps in the context
of Lévy processes [29]. A great deal of mathematical literature has grown in the last decade for
such parabolic problems with anomalous diffusion. Such a description has been undertaken
in some detail in [15, 17] (and the references contained therein), and we shall not attempt to
describe it here. In this paper, we exclusively focus on work that is directly related to aspects
of transmission phenomena for problems of form similar to (1.7).

It is well known that the study of transmission problems refers to the analysis of models
involving different media and/or different physical laws in separate regions of a given (fixed)
domain 2. Such transmission problems involve classical “diffusion” operators, typically, the
usual Laplacian A, and are relevant for a wide range of problems in material science, physics
and biology. Classical examples include transmission problems associated with electromag-
netic, thermodynamic (or heat conduction) processes in (disjoint) regions with different con-
ductivity constants, which are separated by a thin (possibly non-smooth) interface. We refer
the reader to the book [4] for a fairly large description of the current literature on this class of
problems on smooth domains. More recently, the case of non-smooth domains and/or various
classes of transmission conditions (including dynamic transmission conditions possessing
sources along the interface) has also been addressed in [1, 2, 10, 12, 14, 18, 19, 26, 28, 33-36,
42, 48]. To the best of our knowledge, the study of transmission problems involving diffusion
operators of fractional type has not yet been considered in the literature with the exception of
[31, 32]. In these references, a local-nonlocal elliptic transmission-like problem in RN N > 2,
is formulated such that RY is divided into two disjoint open sets €21, €23, which are separated
by a (sufficiently) smooth interface ¥; on the side ©2; the function satisfies a nonlocal linear
elliptic equation (involving the usual fractional Laplacian (—A)'/2 see (2.1) below) and on
the other 2, it satisfies a local linear second-order elliptic problem (involving the usual
diffusion operator —A), while a nonlocal-local transmission condition is imposed along
the interface ¥. The latter is interpreted by means of a given variational formulation which
involves the use of fractional conormal derivatives also defined and investigated elsewhere in
[9]. Such transmission problems are of intrinsic mathematical interest for their applications
and interpretations in various contexts (for instance, in quasi-geostrophic dynamics). Beside
the existence of (suitably weak) solutions for the corresponding linear transmission problem,
the main goal of [31] is also to deduce their Hélder continuity following the method of De
Giorgi. We refer the reader to [31, Theorem 1.1] and also [32, Section 4.3] for a continuity
result that corresponds to the associated parabolic problem. Comparable continuity results
for the corresponding elliptic problem when X is merely a Lipschitz graph can be also found
in [31, Theorem 1.2]. When X is a flat surface, the qualitative behavior of the continuous
solution near X is also investigated in [31, Theorems 1.3-1.4]. Further extensions to some
nonlocal-nonlocal elliptic transmission problems are also discussed in [32, Chapter 4].

In order to formulate our problem properly, consider a bounded domain Q ¢ RN (N > 2)
and let ¥ be such that @ = Q, U X U Q_ with ¥ = Q; N Q_. That is,  is separated
into two components 4, 2_ by a Lipschitz hypersurface X (see Figure 1). Since ¥ is a
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a- reaction-diffusion

()

B- reaction-diffusion

£

Figure 1. Transmission model with anomalous diffusion.

(N — 1)-dimensional Lipschitz surface, we have that HN=!1(Z) < oo, where HV~! denotes
the (N —1)-dimensional Hausdorff (i.e., the surface) measure and we denote by o5, (or simply
by o if there is no confusion) the restriction of HN=! to the set %. We have that

02y =% and 9Q_=TUZX.

The goal of this work is for the completion of a unified framework for a general class of
nonlinear nonlocal transmission problems, of the form

By + (—A)g wy +fy (up) =0, in JxQy, (1.8)
du_ + (—A)G u_+f-(u_)=0, in JxQ_. (1.9)

where ] = (0, T), f+, f— are nonlinear functions and ., B € (1/2,1) with @ > S. Equations
(1.8) and (1.9) are coupled together with the transmission conditions

uy =wu_, N,y ,u)+bu_=0, on]xX. (1.10)
Here, b = b (x) > 0, N,y (4, u_) denotes the jump
Ny (s (%), u— (%) == Cow ()N "Puy (x) — CuN 2 u_(x), x € 3,

where w = w (x) is fixed, sufficiently smooth (say, of class C' (X)), N>~ ?Puy and N2~ 2%y,
are the fractional normal derivative (see Section 2.2 below) of the function uy and u_,
respectively, and finally C, Cg are explicit constants depending only on & and B, respectively
(see (2.14)). We also assume that w £ 0 o a.e. on X.

We assume, for the sake of simplicity, that I" is a Lipschitz hypersurface too. On I', we
consider fractional Neumann boundary conditions, of the form

N?>722y_ —0,0on] xT, (1.11)

although other (such as, Dirichlet or fractional Robin) boundary conditions on I' may be used
as well (see, for instance, [15]). Initial conditions for (1.8)-(1.11) must also be prescribed on
Q\ X, that is,

uy (0) =ul inQp, u_(,0) =u® inQ_. (1.12)

We note that our problem is essentially different from that of [31] (see Remark 2.1, as
well as [32]) since it involves “restricted” fractional operators (i.e., the regional fractional
Laplacian (—A)¢, (with G = Q4 and/or Q_) of order a € (1/2,1)) and the corresponding
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transmission conditions (1.10) involve a different kind of fractional normal derivative (see

Section 2). Besides, our general setting (see Figure 1) requires only that X is merely Lipschitz

continuous and the parabolic problem we investigate is also nonlinear.

We can summarize the main features of the present work as follows.

(a) To the best of our knowledge this is the first work to address the well-posedness of
transmission problems associated with different orders of diffusion in Q4 and Q_,
respectively. In particular, we view the framework developed here as one that extends
our recent work from [15] to the case of different order of diffusion in €2, when @ > .

(b) We allow the nonlinear reactive forces f1 = fi (u+) to have arbitrary growth without
imposing any one-sided conditions, such as coercivity. We provide a complete analysis
based on potential theory for the linear problem and on tools from semigroup theory
to show the existence of properly defined mild solutions. The main results are pre-
sented in Theorem 3.3 (for local existence) and Theorem 3.7 (for local continuation and
boundedness). Furthermore, we provide theorems concerning the existence of strong
(differentiable) solutions that are bounded in L% (2\ X) (see Theorem 4.2), and provide
sufficient conditions for their global regularity (see Corollary 4.3). Finally, we also
provide sufficient conditions and derive explicit uniform L°°-estimates from some given
L"-estimate of the mild solution (see Theorems 4.4 and 4.5).

(c) The approach for the case @ > S is inspired by a strategy developed in the book [44] for
parabolic problems associated with second-order differential operators. However, many
challenges had to be overcome to accommodate these cases. In particular, a complete
study of the operator associated with (1.8)-(1.12) is critical in understanding both issues
of well-posedness and the global regularity of solutions in L?-like spaces (p € [1,00]).
More precisely, we show that a certain realization of ((—A)‘g2+ , (—=A)g, ) with suitable
transmission conditions generates a submarkovian semigroup Sy 5 = {Sa’/g (t)} >0
satisfying some crucial L9 — L"-ultracontractivity estimates. Taking advantage of these
properties we introduce a natural notion of integral solution for the corresponding
nonlinear transmission problem associated with the initial datum ug € L (Q2\X) where
up = u. in Qy, up = u® in Q_; we then investigate their local and global behavior and
their further differentiability properties. This approach allows us to handle less regular
solutions by extending the Hilbert-space approach used in [15, 17] to a Banach space
framework where the initial datum can belong to any L? (Q2\X), for p € [1, o0].

(d) We also address the case when the diffusion in Q2_ dominates the diffusion in Q, i.e.,
when a < B. We conclude with the validity of comparable results for the transmission
problem (1.8) and (1.9), albeit with different transmission conditions (see Section 5).
Here, the arguments follow the same proofs performed for the case & > g.

(e) Our approach provides for a clear road map to treat more general transmission problems
which are mixed in their order of diffusion, including local-nonlocal transmission prob-
lems. We refer the reader to Section 5 for further details.

Our main assumptions and results for the corresponding linear parabolic and elliptic
problems are presented in Section 2. The main results are Theorems 2.16 and 2.22. The
proofs of the well-posedness of the nonlinear system (1.8)-(1.12) are given in Section 3.
The existence of strong (differentiable) solutions and their (global) regularity properties are
established in Section 4. We conclude with Section 5 which is concerned with the remaining
case of @ < B and discuss the application of these techniques to other related transmission
problems. We also give here a list of open problems.
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2. The linear parabolic and elliptic problems

In this section we introduce the functional framework associated with the transmission prob-
lem in question and then derive semigroup type results for the linear operator corresponding
to the linear problem. Existence and regularity of solutions to elliptic problems associated
with the linear operator are also investigated. All these tools are necessary in the study of the
nonlinear transmission problem (1.8)-(1.12).

2.1. The functional framework
The fractional Laplacian (—A)‘u of u € L} (RN) is defined by the singular integral

u(x) — u(y)

S —
(—A)*u(x) = CnsPV. /RN e

1 N
dy = E%(_A)JSRNﬁu(x)’ x € RY, (2.1)
provided that the limit exists. We notice that if 0 < s < 1/2 and u is smooth (for example,
bounded and Lipschitz continuous), then the integral in (2.1) is in fact not singular near x. We
also recall that using the Fourier transform, (—A)* can be also defined as a pseudo-differential
operator with symbol |£|%. Let G C RY be an arbitrary bounded open set. Consider next the
space

D(G) = {u : G — R measurable, u € C*°(G), supp[u] is compact in G}.

Let now u € D(G). Since u = 0 on RN\ G, a simple calculation gives
(=A)gu = (=AY u(x) — Ve(x)u,

where the potential Vi is given by
Ve(x) == Cn / Ix —y™N"%dy, xeG. (2.2)
RN\G

More precisely, we have
(—A)Y'u=(—A)gu+ Ve(x)u, forall ue D(G). (2.3)

Based on (2.3), we then view the fractional Laplacian (—A)* with domain D(G) as a
perturbation of the regional fractional operator (—A)g, with the non-negative potential V.
This allows us to observe that (—A)g; describes a particle jumping from one point x € G to

another y € G with intensity proportional to |x — y| N

Remark 2.1. We mention that when starting with a function defined only on G, then a relation
like the one in (2.3) makes only sense if one extends the function by 0 on RN\G. If one
has a non-zero extension % on RV \G, then for such a function there is no relation between
(—=A)*u and (—A)gu. In our situation, since we are considering fractional Neumann type
boundary conditions, the extension by zero of the involved functions on the complement of
the domain is not allowed (see, e.g. [51] and the references therein for more details on this
topic). In addition, although our transmission problem involves nonlocal operators in (1.8)
and (1.9) the transmission condition in (1.10) is purely “local” in nature since it is satisfied
only over X. At a first look, it is not clear if one replaces the regional fractional Laplacian by
the fractional Laplace operator as in [31] (cf. also [17, Introduction] for a discussion in the
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context of dynamic fractional boundary conditions), that one can still obtain a local boundary
condition. We refer to Section 5 below for a discussion on this topic.

Let now G C R be a bounded domain with Lipschitz continuous boundary dG. Let
WG = {ue 126 / [Vul? dx < oo}
G

be the classical first order Sobolev space. For s € (0, 1), we denote by

u(x) — u(y)|?
|x _ y|N+25

W52(G) = {u c IX(G) : /

dxdy < oo}
GJG

the fractional order Sobolev space endowed with the norm

1

lu(x) — u(y)|? 2

|l sz == (/ |u|2dx+/ ——————dxd .
Ws2(G) . o Jo x— yNees Y

Let 0 < s < 1. By [8, Theorem 6.7], for all g satisfying

2N
q € [1,2*] with 2* :=
[ 1 wi N

5 if N> 2s and q €[1,00) if N =25,
—2s

the continuous embedding
W*(G) — L1(G) (2.4)
holds. That is, there exists a constant C > 0 such that for every u € W*(G),

lullay < Cllullws2(g)-

It also follows from (2.4) that for every g € [1,2*), the embedding W52(G) — Li(G) is
compact (see e.g. [8, Section 7]).
If N < 2s, then one has the continuous embedding

WS2(G) — C*~2 (G). (2.5)

5,2
We also let W(S)’Z(G) = D(G)W (G), that is, the closure of D(G) in W5%(G).

Remark 2.2. We mention that in our situation since we shall consider 1/2 < s < 1, we have
that2* = NZTNZS forN > 2 > 25.If N = 1,then N = 1 < 2sand hence we have the embedding
(2.5). We also notice that, since we have assumed that G has a Lipschitz continuous boundary,
then by [3] (see also [50, Theorem 4.8] for a more general version), WS’Z (G) = W (G)
for every 0 < s < 1/2. Finally we recall that W(S)’Z(G) is not to be confused with the space
WS’Z G) = {u € W2RY), u =0 on RV\G). They coincide if % < s < 1 but they
are different if s = 1/2. The latter is the right space to define the fractional Laplacian with
Dirichlet boundary condition.

Next, let F C RN be a Lipschitz hypersurface of dimension N—1 and let & be the restriction
to F of the (N — 1)-dimensional Hausdorff measure HN~!. We also introduce the fractional
order Sobolev space on F for 0 < s < 1 as the Banach space

|u(x) — u(y)|?
F |x _y|N—1+25

WS (F) = {u e L*(F) : / doydo, < oo}
F
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endowed with the norm given by
1
|u(x) — u@)? 2
||u||WS>2(F) = (/F|u|2d(7 +/F Fmdaxddy .

By [6, Theorem 11.1],if 1/2 < s < 1, then there exists a constant C > 0 such that for every
u e W(G),

lullzroe) < Cllullws2g) (2.6)
for all r satisfying
2(N -1
rell,2,] with 2, := H if N> 2s and r € [l,00) if N = 2s.
— 4S8

In fact if F = G for some open set G C R (hence G has a Lipschitz continuous boundary),
then one has the continuous embedding

WS2(G) = W12(3G) — L'(3G). 2.7)

It also follows from (2.6) that for every r € [1,2,), the embedding W*2(G) — L"(3G) is
compact.

Next, let 2, 4, Q2_ and X be as in Figure 1. Throughout the remainder of the paper for
a function u € L*(Q\Z) welet uy = u|g, and u_ := ulg_.Let1/2 < B < o < 1 and let
w be a fixed smooth function defined in 3. We define the fractional order Sobolev space

WeA2(Q\ %) := {u e LX(Q\X) : u_ € W¥X(QL), uy € WPA(Q,)

and uy = wu_ on Z}, (2.8)

and we endow it with the norm defined by

, ) () — u_ ()
”u”W(d,ﬂ),Z(Q\Z) = ,/5‘2\2 |u| dx+/;2 /Q |X _y|N+20! dXdy

|1y () — ug ()]
—i—/Q+ /;Lr e — [N 28 dxdy.

Remark 2.3. We notice that if 0 < g < 1/2, then it follows from Remark 2.2 that
Wﬁ’2(§2+) = W(’)S ’2(Q+). Although the boundary trace of uy does not exist in the case
B € (0,1/2] (see also [32, Section 4.1]), we can say that 4, = 0 (in the sense of capacity,
see [3, Corollary 2.8] or [50]) on X and according to (2.8) we must then have w = O on X
(in the sense of capacity) unless 0 < o < 1/2, in which case u— = 0 on X (in the sense of
capacity), as well. This is precisely the reason we have assumed 1/2 < f < @ < 1. Let us now
also define the jump [u] s, of u across the interface X, [u]y, := uy|x —u_|x, provided that the
latter are well defined as traces. If one chooses « = 8 and w = 1, our transmission conditions
in (1.10) become the familiar ones. Indeed, take w = 1 in (2.8) and observe that one can
rewrite the boundary value problem (1.8)-(1.11), assuming of course f = f1, as follows:

du+ (=A)qu+fw) =0 inJ x €,
[uly =0, Cy [Nz_zau]z +bu=0, on]x3,
N2~y =0, onJ x .




COMMUNICATIONS IN PARTIAL DIFFERENTIAL EQUATIONS . 587

However, in general we have the following.

Proposition 2.4. Let w € W2 () with@ > B — 1/2 such that6 +a — g > (N — 1) /2.
Then we have that wu_ € W’S*%’Z(Z)for every u_ € W"‘*%’Z(E).

Proof. The claim follows from the application of Lemma F (see Appendix) with w; := w,
wy:=u_,s1:=0,8:=a—1/2ands:= g — 1/2. O

Since we have assumed that N > 2 and that 1 < 28 < 2« < 2, and since both 2 and
Q_ have Lipschitz continuous boundary, it follows from (2.4) that for N > 2 we have the
following continuous embeddings:

W@ALQ\S) <5 L¥5 (Q) and WEP2(Q\T) < L7 (Q_),

N
This implies the continuous embedding (since L% (R4) = LNz—izﬁ (24))

WEH2(Q\S) <> L5 (Q\T). (2.9)
In addition, using (2.6) and (2.7), we have the following continuous embeddings:
WEB2(Q\E) <> WeH(Q,) <> WO I2(E) < L N7 (X) (2.10)
and
WEA2(Q\5) <> WAAQ_) <> WA T2 US) < LV3# (DU X). 2.11)

We notice the following result.
Lemma 2.5. We have that
2 2 lu—(x) —u_()
= _|°d dxd
llulls /z'u I 0+/Q fQ x— g B

. 2
N / / luy (x) — ugp ()| dxdy, (2.12)
QL JQy

|x — y|N+28

defines an equivalent norm on We@h2(Q\3).

Proof. Foru € W@h:2(Q\ %), we let g(u) := fz lu_|*do. Now let u € W@A)2(Q\ ) and
assume that ||u||, = 0. Then uy = C; on Q4 and u— = C_ on Q_ for some constants C
and C_. Since g(u) = ||u||i2(2) = 0, we have that u_ = 0 0 -a.e. on X. It follows from the
uniqueness of the trace that C_ = 0. Since uy = wu_ o-a.e. on X, we have that uy = 0
o-a.e. on ¥ and this also implies that Cy = 0. Thus ¥ = 0 a.e. on 2\X. Now using (2.10)

and proceeding as the proof of [39, Theorem 1.1.15, p. 27] we get the claim. O

For more information on fractional order Sobolev spaces we refer to [6, 8, 21, 30, 37, 50]
and their references.

2.2. The fractional normal derivative

In this (sub)section, we introduce the fractional normal derivative mentioned in the intro-
duction. We start with smooth open sets. Let G C RN be a bounded open set of class C!!
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with boundary 9G. The following definition is taken from [22, Definition 2.1] (see also [23,
Definition 7.1] for the one-dimensional case).

Definition 2.6. For u € C1(G), z € 3G and 1/2 < s < 1, we define the boundary operator

N272s by

du(z + tv(2)) 225
dt ’

whenever the limit exists, where V(z) denotes the outer normal vector to G at the point z.

N>5y(z) = lim (2.13)
t}0

It is easy to see thatif u € C(G), then (2.13) is equivalent to

u(z + tv(2)) — u(z)
t2571

>

N?"2y(2) = lim
£40

so that if s = 1, it coincides with 9,4, that is, the normal derivative of u in direction of the
outer normal vector V.
Next, let 1/2 < s < 1, p(x) := dist(x, dG), x € G and define the space

C%S(G) ={u: ulx) :f(x)(,o(x))zs_1 +g(x), Vx e G, forsome f,g € C*(G)},

and we always assume that u € C5,(G) is defined on G by continuous extension.

The following fractional Green type formula for the regional fractional Laplace operator
has been obtained in [22, Theorem 3.3] (see also [50, Theorem 5.7] for a weak form and a
more general version). For t > 0, we set t V 1 := max{1,¢} and t A 1 := min {1, ¢}.

Theorem 2.7. Let 1/2 < s < 1. Then, for every u € C%S(E) and v € W*2(G), we have
C _ _
/ W= A)u dx = N2 / / (@) = wONO) = vO) o, / VAP udo,
G 2 JelJe 3G

|x _y|N+2$

where C; is an explicit constant depending only on s and is given by

C o] t_11—2$_ tvil 1-2s
Cs = Ls / =1l CvD 0 (2.14)
2s(2s — 1) Jo t2=2s

We adopt the following definition.

Definition 2.8. For 1/2 < s < land u € C%S(é), we call CN?~%u the strong fractional
normal derivative of u in direction of the outer normal vector.

Next, we introduce a weak formulation on non-smooth domains of a fractional normal
derivative.

Definition 2.9. Let G C RN be a bounded open set with Lipschitz continuous boundary 4G
and1/2 <s < 1.
(a) Let u € W92(G). We say that (=A)gu e L*(G) if there exists f € L?(G) such that

Cnys (v(x) —v() (u(x) — uy)) .
5 /;/G i — y N dxdy = /;;fvdx

for all v € D(G). In that case we write (—A)gu = f.
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(b) Let u € W%2(G) such that (=A)gu e L*(G). We say that u has a weak fractional normal
derivative in L?(9G) if there exists ge L?(3G) such that

/V(—A)SGu e Cn.s // (v(x)—v(y))(u(x)—u()/)) / qvdo (2.15)
G 2 JeJg 3G

|x )/|N+25

for all v € W*2(G) N C(G). In that case, g is uniquely determined by (2.15), we write
CN?* 2u = g and call g the weak fractional normal derivative of u.

Remark 2.10. It follows from Definition 2.9 that the Green’s type formula
/ V(= A)ou dx = %/ / W) = v ) — uly))
G

|x y|N+25

—Cs/ vN? S udo, (2.16)
G

holds for all v € W%2(G) whenever u € W*2(G), (=A)gu € L*(G) and N>~ %y exists in
L*(3G).

We also notice that if G is a bounded open set of class C'!, then on C%S(E), weak and
strong fractional normal derivatives coincide. Moreover by [22, 51], we have that for every
u e C%S(@), N2y e L*®(3G) and (=A)gu € LP(G) for every p € [1,00). In fact the
weak fractional normal derivative, of a function u satisfying u € W*2(G), (—A)gu € L*(G)
and N2~y exists in L?(9G), is obtained by approximating such a function by a sequence of
functions in C%S (G) where the strong fractional normal derivative exists, and then pass to the
limit. For more details on this topic we refer to [51].

2.3. Thelinear parabolic problem

Let 2,24, Q_ and ¥ be as above (see Figure 1) and let b € L°°(X) be a nonnegative function.
Recall that 1/2 < B < a < 1. We define the bilinear symmetric form &, g with domain
D(Eqp) = WE@A2(Q\X) by

() —u-)v-) —v-0))

505,,3 (u,v) = Ix — y|N+2a
Cn,g / (uy () —uyr () (v () —vi(y) /
+ — dxdy+ | bu_v_do. (2.17)
2 Ja, Ja, |x — y|N+28 Y s

We have the following result.

Proposition 2.11. The form &y g is a Dirichlet form on L*(Q\X) and D(&y,p) is dense in
L2 (Q\D).

Proof. First we claim that &, g is closed. Indeed, let {u,},en C D(&q,g) be such that

lim_ (= thns thy = th) + it = 4|22 g5, ) = 0. (2.18)

n,m— 00

It follows from (2.18) that {u,_}nen = {tnlo_}nen is a Cauchy sequence in W*?(Q_).
Hence, there exists a u_ € W*2(Q_) such that u,_ converges strongly to u_ in W*2(Q_).
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Since W*?(Q_) — L*(X), we also have that u,_|x converges strongly to u_|x in L*(X)
and hence o-a.e. after a sub-sequence if necessary. Similarly, we have that {u,4}yeny =
{unlq. }nen is a Cauchy sequence in Wﬁ’2(52+). Then there existsauy € WF2(Q_) such that
Un+ converges strongly to uy in W#2(Q.). We also have that u, |5 converges strongly to
uy|x in L*(¥) and o -a.e. after a sub-sequence if necessary. Since by hypothesis u,1 = wu,_
o-a.e.on X for every n € N, it follows from the above convergences that u; = wu_ o-a.e.
on X. Define u on Q\X such that u := uy on Q4 andu:=u_ on Q_.Thenu € D(&,p)
and a simple calculation shows that lim,_, oo &4, (14 — 4, u, — u) = 0. This proves the claim.

Next, we claim that & g is Markovian. Indeed, let 0 < u € D(&,,g). Then proceeding as
in [50, Lemma 2.7] we get that u A 1 € D(&y,p) and Ey g(u A 1, u A1) < & g(u,u). By [13,
p.5], this implies that & g is Markovian. We have shown that &, g is a Dirichlet form. Since
D(Q\X) C D(Ey,p) and is dense in L?(©2\X), we have that D(&q,p) is dense in L*(Q\X) and
the proof is finished. 0

Let A g be the self-adjoint operator on L*(Q\X) associated with &, g in the sense that

D(Agp) = {u € D(Eup), 3f € AQ\D), Eap(tv) = (f, V) 2anz) Y v € D(ga,,g)}

Agpu=f.
(2.19)
We have the following characterization of the operator Ay g.

Proposition 2.12. The operator Ay g is given by

D(Agp) = {u e WeP2(Q\T), (—A)G u_ e LA(Q), (—A)g, uy € LA(Qy),

N2y =0 on T, Ny(ug,u_) +bu_=0 on E} (2.20)
and, for u € D (Aa,p), we have that

Agpu = (—A)g+u+ on Qy, and Aggu = (—A)g u_on Q_. (2.21)

In addition, Ay g has a compact resolvent, and hence, has a discrete spectrum. The spectrum of
Aq,p is an increasing nonnegative sequence of real numbers {A}xen such that A — oo. If b
satisfies

b(x) >by>0 on X, (2.22)
theni; > 0.Ifb =00-a.e.on X, then A; = 0.

Proof. Let D be given by the right hand side of (2.19) and D(A4,) the right hand
side of (2.20). Let u € D(Aqp) and then set f = (=A)G u_in Q_, and fy =
(—A)?2+ uy in . Then by hypothesis we have that f € L2(Q\X), N272%y_ exists on

I'U X and N?72Py, exists on X. Let v € W@P:2(Q\X). Then using the integration by
parts formula (2.16) and the fact that the outer normal vectors to 24 and Q_ at ¥ have
opposite sign, we get that

fvdx:/ f+v+dx+/ f_v_dx=/ v+(—A)’g2 u+dx+/ V(—A)G u_dx
Q\ Q4 Q. Q4 + -



COMMUNICATIONS IN PARTIAL DIFFERENTIAL EQUATIONS . 591

Cnp (ug(x) — ur (M) (v4(x) —v4(y) )
- _/Q+ /Q+ + ;_leIzﬂ + dxdy_cﬂ/EVJer 1, do

+CN,a/ f () —u- M)V =v-0))

|x y|N+2a
+ Cy / v Ny _do — C, / v N*2y_do. (2.23)
b r
Since vy = wv_ and N?72%y_ = 0 on T, it follows from (2.23) that
CN/S / / (U4 (%) — ug () (v (x) — V+(y))dxd
Q\Z o, Ja, |x — y|N+28
CNa (u—(x) —u— () (v—(x) —v—(»))
+ / / i = N dxdy
— / (Cﬁwszzﬁqu — Ca./\/‘zfz"’u_>v_da. (2.24)
s
Finally using CawAN>2Pu, — CuN?7%*u_ = —bu_ on X, we get from (2.24) that
C _ _
fodx = N / / (14 (x) u+(}’))(;iz(;c) V+(y))dxdy
Q\z o, Ja, lx — yl

+ CN,oz/ / (u—(x) —u—_(y)(v—(x) —V—(y))dxd

|x _le—i—Za

-I-/ bu_v_do =&y p(u,v).
b

Hence, u € D and Ay gu = f. We have shown that D(A, g) C D.
Conversely, let u € D. Then by definition, there existsa f € L*(€2\ ¥) such that the equality

fody = B / / (1 () — U N () = v ) |
Q\Z QL Ja,

lx — y|N+2P
CN (u—(x) —u_(y)(v—(x) —v_(y))
- / / | — y N2 dXdy
+ / bu_v_do (2.25)
p)

holds for every v € D(&,,p). In particular we deduce from (2.25) that for every v € D(24) C
D(goz,,B)a

Cnp / f (U4 (x) —ur () (V4 (x) —v4(y)
Q+f+v+dx B Qp JQ4 |x - )/|N+2ﬂ dxd}’-

By Definition 2.9-(a), the preceding identity implies that (—A)é+u+ e L*(Q,) and

(—A)‘g2+ uy = fy on Q. Similarly, it follows from (2.25) that for every v € D(Q2_) C
D(goz,ﬂ)a

fov_dx = %/ / (U—(x) —u_(y)(v—(x) —v_ (y))dxd
Q-

|x _ y|N+2a
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Once again by Definition 2.9-(a), this also implies that (—A)g, u_ € L*(Q_) and

(=A)S u— = f- on Q_. Next, by Definition 2.9-(b), we also get from (2.25) that
N?72y_ =0onT and
/ (C,gv+/\/2_2’3u+ — Cev N2y 4 bu_v_)dcr =0 (2.26)
=

for every v € D(&y,p). Since v = wv_, it follows from (2.26) that
/ (Cﬁw./\/'z_zﬂu+ — CoN? 72y + bu,>v,da = / (Nw(u+, u_)+ bu,>v,da =0,
b b

for every v € D(Ey,). This implies that Ny, (14, u—) + bu_ = 0 on X. We have shown that
u € D(Aq,p) and Ay gu is given by (2.21).

Finally, (2.9) implies that the embedding D(&,, ) < L*(Q\X) is compact and this shows
that the operator Ay g has a compact resolvent. Since Ay g is a positive self-adjoint operator
with compact resolvent, then it has a discrete spectrum formed of eigenvalues satisfying

0<AM <A< <A =<---and lim Ay = +o0.
k—o00

If b satisfies (2.22), then it follows from (2.12) that (£, (4, 1)) 1/2 defines an equivalent norm
on D(&y,p) and this implies that A; > 0. Finally, if b = 0, then the constant function 1 €
D(Aq,p) and Ay g1 = 0. Hence, A1 = 0. The proof of the proposition is finished. O

Definition 2.13. Let X be a locally compact metric space and m a Radon measure on X. Let
(T(t))s>0 be a strongly continuous semigroup on L?(X, m).
(a) We say that the semigroup is positive preserving if
T(t)u > 0, forall t > 0 whenever u € L*(X,m), u > 0 a.e.
(b) We say that the semigroup is L°°-contractive if
ITEulloxm) < lullzem), forallu € L°(X, m) N L*(X,m) and ¢ > 0.

A positive preserving and L°°-contractive semigroup is called submarkovian.

We have the following result of generation of semigroup. We note that by u > 0 a.e. on
Q\ X, we mean that u; > 0 (a.e.) on Q4 and u_ > 0 (a.e.) on Q2_.

Proposition 2.14. Let Ay p be the self-adjoint operator on L*(Q\X) defined in (2.20) and
(2.21). Then —Aq,p generates a strongly continuous submarkovian semigroup (e~ "A«8)~q on
L*(Q\X) which is also compact.

Proof. We have shown in Proposition 2.11 that &y g is a Dirichlet form on L*(€2\£) and that
D(&y,p) is dense in L*(Q\X). Hence, by [13, Theorem 1.4.1], —Ay g generates a strongly
continuous semigroup (e7"wf)~ on L?(Q\X) which is L>-contractive. Next, let u €
D(Eq,p)- Then proceeding as in [50, Lemma 2.6] we get that u™ := u Vv 0,u™ :=0A (—u) €
D(&q,p) and a simple calculation gives

C + - N~
Earp whu") = — N.,B8 / / uy(x)uy(y) +;¢+2()’)“+(x) dxdy
2 Ja, Ja, |x — y|N+2F

CNa / / ut )uZ(y) + ut ()uZ(x)
Q_ _

5 x =y dxdy < 0.
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Hence by [7, Theorem 1.3.2], the semigroup is also positive preserving. Since Ay g has a
compact resolvent, it follows that the semigroup is also compact. The proof is finished. [

Remark 2.15. Since the semigroup (e’tAa’ﬂ)tzo is submarkovian, it follows from [7, Theo-
rem 1.4.1] that it can then be extended to contraction semigroups Sy g () := e tAwbp on
LP(Q\X) for every p € [1,00], and each semigroup is strongly continuous if p € [1,00) and
bounded analyticif p € (1,00). Denote by A, g, the generator of the semigroup on L7 (©2\ X)
so that Ay g2 = Ag,g. The semigroups are also consistent in the sense that for all t > 0,

e Hasrf = g~MAapaf if f e IF(Q\Z) NLIQ\T).

They are self-adjoint in the sense that if 1 < p < oo and 11) + % = 1, thenforall t > 0,

(e_tA“ﬁ’P)* = ¢ Mepa and A;,ﬁ)p = Au g

The operator Ay g o is defined as

-1 —19*
(4 dapsc) = [ (14 Aur) ]

for all A > 0 and notice that its domain is not dense in L>®°(Q2\X). Since L* (Q\X) C
L' (Q\X) and Sa.pp () S Sap1(t) forall p € [1,00], we can drop the index p and merely
write Sy, g for the semigroup for the sake of notational simplicity.

Next, we give and prove some crucial ultracontractivity estimates for the semigroup.

Theorem 2.16. The semigroup (e "A«f),~q is ultracontractive in the sense that it maps

L*(Q\X) into L (Q\ X). More precisely we have the following,.

(a) If b satisfies (2.22), then for every 1 < q < p < 00, there exists a constant C > 0 such that
forevery f € L1(Q\X) and t > 0,

1_1

_ (1LY N (1_1
le™ 4« fll o x) < Ce () 3G ")Ilflqu(Q\E), (2.27)
where we recall that L1 > 0 is the first eigenvalue of Ay p.
(b) If b = 0, then there exists a constant C > 0 such that for every f € L1(Q\X) and t > 0,
Y
A _ﬂ(l_l>
le™ P fllp@x) < CEAL) P\ 2] fllLa\x)- (2.28)

In addition, we have that each semigroup on LP(Q\X) is compact for every p € [1,00]
and if uy is an eigenfunction of Ay g associated with the eigenvalue Ay, then ui € D (Ag,p) N
L®(Q\X).

Proof. Recall that there exist consistent semigroups of contractions on L (Q\X), p € [1, o],
that is,
le™™ || cpioxy < 1, forallt > 0. (2.29)

Since the semigroup is also analytic on L*(Q\X), we have that e ey € D(Aqp) C
We@h):2(Q\ %) for every ¢ € L*(2\X) and t > 0. Moreover, there exists a constant C > 0
such that for every ¢ € L*(2\X) and t > 0,

_ C
|Aa,pe tAC‘"’@HLZ(Q\):) < ?||<P||L2(sz\2)- (2.30)
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Recall that
2N 2 N
2* = . s M= —
N-28 pn-—2 B
(a) If b satisfies (2.22), then it follows from (2.9) and (2.12) that there exists a constant
C > 0 such that for every u € D(Ey ),

“u“iz*(g\z) S Cgol,ﬁ(u) H). (231)

Using (2.29), (2.30) and (2.31) with u = e Habp t > 0, we get that there exists a constant
C > 0 such that

le™ e 9T g5y < Claple” el g, e et )

= C(Aqpe P g, e el g) 5 0 5

IA

C”Aa,ﬁe_ma'ﬁ(l’”Lz(Q\E) lellz\x)

Co 2
= ? ||§0||Lz(9\2)
forall t > 0 and ¢ € L?(Q\X). Therefore, e t4«s maps L?(Q\X) into * (R2\2) with
—tA, _1
le™ 2 1l £ 2@ 202 @3y =< CF 2. (2.32)
We claim that the estimate (2.32) extrapolates and gives the following estimate

N
||e_tAa’ﬂ”,C(Ll(Q\E),L"O(Q\E)) <Ct % (2.33)

uniformly for all t+ > 0, for some constant C > 0. We proceed as in the proof of [43,
Lemma 6.1]. By the Riesz-Thorin interpolation theorem [7, Section 1.1.5], we get from (2.32)
that for every p € [2,00) and t > 0,

2 1
||~ Aar 7 <Crtr, (2.34)
LIP(Q\Z),L 2 (2\D))
2 —1 (oay—k 2\
Let ty := =5~ (2*) " and py := 2 (7) for k > 0. Then
> 1 2* N
2ou=land ) = =
— bk 22=2) 4P
Applying the estimate (2.34) with p = py yields
o
—tAqg —tiAq
le™ Pl z 2@z @5y < l_[ le™ B | £ e o), 10041 (21 5))
k=0
~ 2 .1 -k N
<[Jcwe e ™ =cew. (2.35)
k=0

By duality, we deduce from (2.35) that

N
||€_tA""3||c(L1(Q\2),L2(Q\>:)) <Ct . (2.36)
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Combining (2.35) and (2.36) we get (2.33) and the claim is proved. Next, proceeding as in [43,
Lemma 6.5] by using the estimate

||e_tAa’ﬁ||£(L2(Q\2)) < Ce ™!, forsome C>0, V¢t >0,
we observe that (2.33) improves to

—tAq — 25—t
le™™ Pl o1\ myre@\zy) < CE 2Pe 1

Next, let é = % + %, ie, T = é By the Riesz-Thorin interpolation theorem we infer

—tAy tA
”e B ”,C(Lq(Q\E),LOO(Q\E)) =< “e ||£(L1(SZ\Z) L®(Q\2)) ||€ ”Lj(zoc(gz\z))
1 N1 _ Ay
< Cat 2Pae a', (2.37)

Finally, let % = g + %, ie,n= g. It follows from the Riesz-Thorin interpolation theorem
and (2.37) that

—tAq,p 11
Il za@ )o@ )

1

L _N1 _h, N1\17p
< |Cat 2$ie 9 (1+41t)?Pa

— i GG,

lle™" 8 || a@ymyr@ sy < e P17 oz lle

and we have shown (2.27).
(b) If b = 0, then there exists a constant C > 0 such that for every u € D(&y,p),

1422 5 = C (Earp i) + 2o g5 ) -

The proof of (2.28) follows the lines of the proof of part (a).

Next, recall that the semigroup (e’tA“’ﬂ)tzo is compact on L?(2\ ). Since € is bounded,
the latter property together with the ultracontractivity estimates imply that the semigroup on
L[P(Q\X) is compact for every p € [1,00] (see, e.g [7, Theorem 1.6.4]). Finally let uy be an
eigenfunction associated with A. Then by definition, ux € D (Aq,g). Since the semigroup
(e_tAavﬂ)tzo is ultracontractive and |Q\X| = || < oo, it follows from [7, Theorem 2.1.4]
that uy € L°°(Q\X). This completes the proof of the theorem. O

Clearly, Sop (1) = e tap defines a bounded (linear) operator from L1(Q2\X) into
LP(Q\X) for 1 < g < p < oo. For the sake of brevity, in what follows we may write (and
define) its operator norm

18 (1) lpg = sup (IS () fllr\3)) -

fll1a@ =1

Of course, we have

1S28 O F | o zy < 186 @ llpgllf 9215,
forallt > 0Oand f € L9(Q2\X), and

_N(1_1
1Se, (£) llpg < C(E A1) 2ﬂ<q P>, (2.38)

in all cases b > 0 (see Theorem 2.16).
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Next we give an important embedding result.

Lemma 2.17. Let p € (1,00). Then D(Ag’ﬂ’p) embeds continuously into L (Q\X) provided
that 6 € (0, 1] is a real number such that 6 > N/ (2,8p).

Proof. The proofis analogous to the proof of [15, Theorem 2.5, (d)] and follows in light of the
ultracontractivity estimates for Sy g (t), when it acts as a bounded operator from L7 (2\X)
into L (Q\X). O

We conclude this (sub)section by giving a more precise characterization of Ay g, at least
forp > 2.

Proposition 2.18. Let p € [2,00). Then
D(Agpp) = {u € D(Eyp) NIP(Q\X), (A u_ € IP(Q-), (—A)g+u+ € LF(Qy),

N2y =0 on T, Ny(ug,u_) +bu_ =0 on =} (2.39)
and, foru € D (Aa,ﬂ,p);

Agppth = (—A)g+u+ onQy, and Ay ppu = (—A)G u_onQ_. (2.40)

Proof. Let p > 2. Recall that IP(Q\X) — L1U(Q\X) forall1l < g < p < oo. It follows
from the untracontractivity of the semigroup on L*(2\X) (Theorem 2.16) that L?(Q\X)
is invariant under the operator e *4«# for every t > 0. Thus Ag,pp is the part of Ay g in
LP(Q\X). Hence Ay g p is given by (2.39) and (2.40). O

Remark 2.19. We mention that if 1 < p < 2, then a characterization of Ay g, as the one
given in (2.39) and (2.40) is not an easy task even if one assumes that 2\ X is a smooth open
set. This is in part due to the fact that fine elliptic regularity for the regional fractional Laplace
operator with fractional Neumann boundary conditions is not yet available in the literature,
and is generally difficult to establish. But a partial characterization of Ay g, for 1 < p < 2
can be obtained from the general case of operators generated by Dirichlet forms contained in
[43, Theorem 3.9].

2.4. Thelinear elliptic problem

Let Q, 24, Q_, ¥ be as in Figure 1 and 1/2 < 8 < « < 1. In this (sub)section, we consider
the following elliptic boundary value problem

(_A)?z+”+ = f+ in Q,

(=A)G u_=f_ in Q_,

N2y =0 on T, (2.41)
Uy = wiu_ on X,

Ny, u)+bu_=0 on X.




COMMUNICATIONS IN PARTIAL DIFFERENTIAL EQUATIONS . 597

Here, we only assume f+ = f+ (x) and let w, b be the same as in the previous (sub)sections.

Definition 2.20. A function u € W®#)2(Q\ %) is said to be a weak solution of (2.41) if the
equality
ga,ﬂ(us V) = (f—i-’ V+>/3,+ + <_f—’ V—>Ol,—) (242)

holds for every v € W@h)2(Q\ ), where (-, -) g+ (resp. (-, -)o,—) denotes the duality between
WA2(Qy) and (WA2(Q1))* (resp. W2(Q_) and (W®2(2_))*).

We have the following result of existence of weak solutions.
Proposition 2.21. The following assertions hold.

(a) Let bsatisfy (2.22). Then for every f1 € (WP2(Q))%) andf_ € (W*2(Q_))*, there exists
a unique weak solution u of (2.41). Moreover, there exists a constant C > 0 such that

lulwep2@sy < C (Il + If-llwezg_ys) - (2.43)
(b) Let b = 0 a.e. on X. Then for every f, € (WA2(Q))) andf_ € (W*2(Q_)* satisfying
(f+a 1)5,-‘1— + (f—a 1)0{,— =0, (244)

there exists a weak solution u of (2.41). Moreover, there exists a constant C > 0 such that

lu —urllwenzoz) < C (||f+||(wﬂ,2(gz+))* + |[f—||(wa>2(§z,))*) , (2.45)

where U = ﬁ [5 usdo.

Proof.

(a) Assume that b satisfies (2.22). It follows from the embeddings (2.10) and (2.11) that
(WO2(Q_)* > (W@A2(Q\£))* and (WA2(Q4))* — (W®A2(Q\£))*. Thus it is clear
that the right hand side of (2.42) defines a continuous linear functional on We@h2(Q\x).
Moreover we have shown that the bilinear form &, g is continuous and elliptic. Then & g
is continuous, elliptic and coercive (by using (2.12)). Hence, by the Lax-Milgram lemma,
for every fy € (WA2(Q.))%) and f_ € (W*2(Q_))*, the system (2.41) has a unique weak
solution u € W@A2(Q\x). Taking v = u as a test function in (2.42), the estimate (2.43)
follows from the fact that there exists a constant C > 0 such that

C”””%}V(a,ﬂ),z(g\z) < Eap ) < (Ifsllwezayy + -l weryyr) lullwenzox)-
(b) Assume b = 0 a.e. on X. Then taking v = 1 as a test function in (2.42) we have that (2.44)
is a necessary condition for the existence of weak solutions. Let

WERD2Q\E) = {u e WOPH(Q\T) : uy =0},
and define the bilinear form &, g0 with domain D(Ey g o) := We@h):20(Q\ %) and given by
Ea,po(Uv) = Eq p(u,v). (2.46)

Then &y, is a closed, continuous and coercive form and the right hand side of (2.42)
defines a continuous functional on W(“’ﬁ)’z’O(Q\E). Hence for every f € (Wﬁ’2(§2+))*)
and f_ € (W*2(Q_))* satisfying (2.44), the system (2.41) has a unique weak solution
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uy € WOPZ0Q\S). Let ug = u — uy € WEAZ0(Q\ ) for some u € WEA2(Q\ ),
and notice that &y g(u —uy,v) = Eq p(u,v) forevery v € W@h):2(Q\ %), Moreover, there is
a constant C > 0 such that

lu — < Céup(u—Uq,u—uy).

M+ HW(“ B), Z(Q\Z)

Thus taking v = u — u4 as a test function in (2.42) we get the estimate (2.45) and the proof
is finished. O

The following theorem is the main result of this (sub)section. The first two statements yield
optimal conditions for the existence of bounded solutions while the last one is an interior
Holder continuity result.

Theorem 2.22. Letfy € L9(Q2y) andf_ € L1(Q2_) for some q > 1 and let u be a weak solution

of the system (2.41). Then the following assertions hold.

(a) Ifq > % and b satisfies (2.22), then u € L>°(Q2\X) and there exists a constant C > 0 such
that

lullzo@z) < C(Ilfrllizay) + If-llag)) - (2.47)
(b) Ifq > %, b=0ae onXand

fadx + / fodx =0, (2.48)
Q. Q_
then u € L°°(Q\X) and there exists a constant C > 0 such that

lu —utlze@s) < C(Ilflagy + I1f-lag)) - (2.49)

(c) Ifq = oo and b satisfies (2.22), or b = 0 and fy, f_ satisfy (2.48), then for any sufficiently
small & > 0, there exists a constant C > 0 depending only N, «, B and & such that

||”+||C0,2/3((gT+)E) + ||”—||C0,2a((§)é) <C (|Lf||L°°(Q\E) + ||u||L°°(Q\E)) > (2.50)
where (24)g = {x € Q : dist(x,0Q1)>&}and (Q_)g := {x € Q_: dist(x,0Q2_) >&}.

Proof.
(a) Assume q > and that b satisfies (2.22). Then by Proposition 2.12 the operator Ay g

is invertible and the solution u is given by u = A ﬁf Using the ultracontractivity estimate

(2.27) with p = oo and the fact that the operator resolvent A, ; is the Laplace transform of
the semigroup, we get that there exists a constant C > 0 such that fora.e. x € Q\X,

)| = 1AL @) < / e~ f )| dt

0
My N
SCf e 1t P dt|fllLa\x)
0

© M, _N Um, N
<C / e 1t 2P dt+/ e 9t 2Padt)|flliae\x). (2.51)
1 0

The first integral in the right hand side of (2.51) is always finite. Since g > %, we have that
the second integral is also finite. Hence, (2.47) follows from (2.51).
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(b) Assume gq > % and that b = 0. Proceeding as in part (a) and the proof of
Proposition 2.21(b) we get the estimate (2.49).

(c) Now assume that g = co. Then by part (a) if b satisfies (2.22), and by part (b) if b = 0, the
system (2.41) has a weak solution u € W@h:2(Q\2) N L®(R2\X). Define the functions

N uy in Q4 ~ u_ in Q_
Uy = and u_ =
0 in RM\Q, 0 in RM\Q_.
Note that i, € L°(RY) — L’}} RN)and u_ € L®(RN) — LL(RN). Moreover, using (2.3)
we have that
(—AM)PUy =fi + Vo, uy and (=A)*%H_ =f + Vo (x)u_,

where Vg, (x) and Vq_(x) denotes the potential given by (2.2). It follows from [41,
Lemma 3.2] that for £ > 0 sufficiently small, there exists a constant C > 0 depending
on N, 8 and & such that

il coan g,y < Cllit ooy + s + Ve, i lix@ie)
2

< C(lusllzeyy + fslie@s)) - (2.52)

Similarly, we obtain
||u—|lco,za(@§) < C(llu=lizey + If=llzee)) - (2.53)
Combining (2.52) and (2.53) we arrive at estimate (2.50) and the proof is finished. O

3. Well-posedness of mild solutions

In the present section, we rely on the crucial results of Section 2 (in particular, those of
Theorem 2.16) to develop well-posedness results in the same spirit of [44] where second order
elliptic operators in divergence form have been considered. To this end, we need to introduce
some further notations and basic definitions. Let T > 0 be fixed but otherwise arbitrary,
p €[l,00]and § € [0, 00). We begin with defining the Banach space

Eps,r = {u 1 (2\2) x (0, T] — R measurable, u (-, t) € IP (Q\X) fora.et e (0,T],
gy = el z o= sup (6 A D s (D) lpiens) < 00}
t€(0,T]

As in the previous section, by u € L? (\X), we understand that u|q, = u4 € L (1) and
ulg_ = u_ € LP (2_). The same principle is applied to other functions defined over 2\ .
We also introduce the Banach space

Ly p,1 = {u : (2\X) x (0, T] — R measurable such that

t 2 é
iy = Wilpgri= s ([ gy ) < oo}
t1,1€[0,T],0<t,—t1<1 \J/#

for p1, pa € [1, 00), with the obvious modifications when p; = p, = oo.
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We can cast the semilinear parabolic system (1.8)-(1.12) into functional form by defining
the function

—fi (uy)  onQy

—f— (u-) on Q_.

F(u) :=

In this case, for u € D (Ao,,,g) we can conveniently rewrite the system (1.8)-(1.12) as follows:
0iu + Agpu = F (u) in (Q\X) x (0, T], u(-,0) = up in Q\XZ. (3.1)

Our main goal in this section is to state sufficiently general conditions on F (and therefore on
the nonlinear functions f+ ) for which we can infer the existence of properly-defined solutions
for (3.1). Once again, let T € (0, 00) and denote by I a time interval of the form [0, T], [0, T)
or [0, 00).

Definition 3.1. By a mild solution of (3.1) on the interval I, we mean that the measurable

function u has the following properties:

(@) u(-,t) e L' (Q\X), forallt € I\ {0}.

(b) F(u(-,1) € L' (Q\X), for almost all ¢ € I\ {0}.

(c) fot IF (u ()l z ds < oo, forallt € 1.

(d) u(-st) = Sq,p () up + fot Sa,p (t —s) F(u(-,s))ds, forall t € I\ {0}, where the integral is
an absolutely converging Bochner integral in the space L! (Q\2).

(e) The initial datum uy is assumed in the following sense:

lim |u i) —u ) = 0,
50 ” ( ) 0||LP0(Q\ )
L®(2\X)

for some uy € LP (Q\X), if pg € [1,00), and uy € X®(Q\X) := D(Ag,,00)
ifpo = Q.

Remark 3.2. By Proposition 2.14 and Remark 2.15, the semigroup S, g is strongly continuous
on [P (Q\X), if pg € [1,00). We recall that the semigroup is not strongly continuous on
L°(2\ %), but by definition we also have that Sy g is strongly continuous on X*°(2\ ¥). For
simplicity of notation, throughout the following, for py € [1, c0], we will sometimes also
denote

XP(Q\S) = I (Q\E) if po € [1,00).
Thus for every py € [1,00] and uy € XP0(2\ ¥), we have that
tE%L |Sei (£ o — ug ”LPO(Q\E) =0.
We then observe that condition (e) of Definition 3.1 holds if and only if
tgrler ||S(¥,ﬂ (t) U —u (') t) ||LP0(Q\E) =0.
L%®(Q\X)

Using Theorem 2.22 it is easy to see that X°°(2\ X) also coincides with D(Ay g,p)
p > N/(2B). We conjecture that

XP(Q\2) =Cp(Q) :={u: uy € C(Qy), u_ € C(Q_) and uy =wu_ on X}. (3.2)

, for
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In fact, the important step to get (3.2) is to show that S g(t) leaves C,, (Q) invariant for every
t > 0, or equivalently, that D(Ay g,00) C C, (). Since this type of regularity is not yet
available in the literature, and is also not the main concern of the present paper, we will not
further go into details.

The first theorem establishes the existence of locally defined mild solutions under some
suitable assumptions on the nonlinear fy. Let y € [1,00) and C;, > 0. These assumptions
are as follows.

(F1) f1 : R — R is measurable function such that

[fx &) < Cr (1+1£17), forall & €R.
(F2) Forall &, n € R, assume the local Lipschitz condition

fe &) —fr ()| < Cr, A+ I+ InD? 71 IE — 7).

(F3) There exists a positive increasing function Q4 : R — R such that

fe (6)] < Qs (€D, forall & eR.
(F4) Forall &, n € R, assume the local Lipschitz condition

[ (&) — fx ()] < Qe (&1 + 0D 1§ —nl.

We notice that conditions (F3) and (F4) are more general alternatives to (F1) and (F2),
respectively, and shall be imposed only in some situations.

We employ a contraction argument in the Banach space Ep 5,1, p € [1,00], p > po, (with a
singularity at t = 0) to construct a solution u locally in time. In what follows, let

N 1 n n
n:=— for N>2, —<f<1and §:=— —— €[0,00).
28 2 po P

Theorem 3.3 (Local existence). Assume either one of the following.
(a) Assume (F1) and (F2) for some y € [1,00) and let uy € LP° (Q\X), for some pg € [1,00)
such that
y-D— <1
-1 — < 1.
14 P
(b) Assume (F3) and (F4) and let uy € X°° (Q\X).
(c) Assume (F1) and (F2) for somey € (1,00) and let ug € LP° (Q\X), for some py € (1,00)
such that
y-D—=1
14 P .
Then there exists a time T > 0 (depending on ug) such that the initial value problem (3.1)
has a unique mild solution in the sense of Definition 3.1 on the interval [0, T].

The assertion of Theorem 3.3 with assumptions (a) and (c) follows from the validity of the
next two lemmas. Lemma 3.4 deals with the case when (y — 1) n/py < 1 while the second
one considers the limiting case (y — 1) n/po = 1 (see Lemma 3.5). The second case (b) is
treated in Lemma 3.6.
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Lemma 3.4. Let pg € [1, 00) and assume that the hypothesis (a) of Theorem 3.3 is satisfied for
some y € [1,00). Then the assertion of Theorem 3.3 holds.

Proof. The proof is inspired from the proof of [44, Lemma 7] and is developed using the
crucial ultracontractivity estimates of Theorem 2.16 (see also (2.38)). In this proof and
elsewhere, the constant C > 0 is independent of the times ¢, s, T. We shall explicitly state its
further dependence on other parameters whenever necessary. We also preliminarily observe
that by (F1) and (F2) we have

IF(E)| <Cr(1+£)"), V& eR, (3.3)
as well as the following,
IFE) —FI <Ce(1L+ &+ ) 1E—nl, VED R (3.4)
Here, Cp = max{Cf+,Cf_}.
Let now p € [1, 00) such that p > py and

Yy <p y8<1and(y—1)(8+§>+s<1, (3.5)

for some ¢ € (0, 1). The proof exploits a Picard iteration argument. To this end, let T € (0, 00)
and fix an element u; € Ep s 7 which is otherwise arbitrary. We define a sequence

t
Umt1 (1) = Sqp (1) ug + / Sa,p (t =) F (U (-,5)) ds, t € (0, T, (3.6)
0

for all m € N. We first show by induction that u,, € Epsr, for all m € N. To this end, let
s1 € [1,00) be such that
1
Zf— and E—|—(y—1)8—|—8< 1+E,
P s S1 p
and suppose that u,, € Ep s is already known. The bound (3.3) and the Holder inequality
yield

(¢ A D? lumr GOz < EAD [[Saps 0 o] oz,
t
FEAD? [ S0 € =9 IF G ) s 13
0

< (tAD)||Sup O], p, MH0llro (25

t
+(AD° /0 [Sa8 8 = 5) ||p,51 Cr(sAl)™7®

x [ A D (I A+ lumC ) @y 5))]” ds. (3.7)
The first term on the right-hand side of (3.7) can be estimated owing to (2.38) for p > pp and
the definition of 6 = n/py — n/p, n := N/(2B). For the second term we apply Lemma A (see
Appendix) with f (s) = Cr, 0 := y8 and s, = oo (we also note that p (f) = Cf), whose
assumptions are satisfied since y§ < 1,y + & < 1+ § and

n n n n
—<14-, —4+ypyi+e<l+-—-+6.
S1 p S1 p
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In the space Ep 5,1, from (3.7) and using (2.38) we get
tmtrlllpsr < Cliuolle @\x)

t
+ sup [(ml)“ / [Sap (¢ =9, <sA1)—V5ds]|||1+|um||||;,,;,T
te(0,T] 0

= C(lluollm@yz + (T A D 11T+ lumlll175.7) (3.8)

for some constant C > 0 which also depends on Cr. Henceforth, u,,11 € Eps 1 and the
claim is proved. Analogously, exploiting the Lipschitz condition (3.4), the Holder inequality
together with the application of Lemma A as above, we also find the uniform estimate

-1
Ntms1 — tmlllps50 < C(T A DL+ [t + Ium—1||||Z,(;,T m — um—1lllps,r> (3.9)

for all m > 2. Define U := uilllps,r + 2 [[luz — uilllps,r and choose a small enough time
Ty € (0, 1] such that

1
C(T, AD*(14+2U0) 7! < 3 (3.10)
It follows from (3.9) that
u <U, forallm > 1,
Mumsr — umlll 5,7, < 3 Wtm — m—alllps 7, »  forallm = 2.

Thus, by iteration in (3.11), the sequence {u} ey is Cauchy in the Banach space Eps,r, .
Thus, it has a limit u € Ep s 1, such that

lim ||t — ulllps7, = 0. (3.12)
m— 00

It now remains to show that the limit u has all the required properties of Definition 3.1(a)-(e)
on the time interval [0, T%]. Property (a) is immediate since u € E,s 1,5 (b) and (c) follow
from the estimate

Ty
IF @)l < / 1 (4 ()l g3 ds
0

A

Ty
Cr / GADT [ ADS I+ [u ) pens)] ds
0

< Cr

T 1—yé
owing to the bound (3.3), the Holder inequality, the fact that 0 < T, < land 0 < y§ < 1.
Similar reasoning, using the Lipschitz bound (3.4), the contractivity properties of Sy g(t) and
the Holder inequality once more, yields for all t € (0, T ],

(T NI+ 1wl 5 7, » (3.13)

t
/ e (6= 9) (F Gt () = F(u (,5)) ) ds
0

LI(Q\X)

t
< /O VE (i (+9)) — F (1t () 1,3 ds

t
—v8 -1
scF/ (s A D)7 ds 111+ fatl + Ll 11251 Wt — w7,
0

Cr
1—yé

=<

_ —1
(T*)l vé 1+ um| + |”||||;,5,T* [wm — ”|||p,8,T* (3.14)
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which converges to zero as m — 00, by (3.12). Both (3.12) and (3.14) allow us to take the limit
in L' (Q\Z)-norm as m — oo in the integral equation (3.6) in order to deduce the integral
equation in Definition 3.1(d). For the last property (e), by Remark 3.2 it suffices to check that

Jim a0 = Sap Ot o g 5) = 0

To this end, let sy € [1,00) be such that y /p < 1/sp and n/sp + y§ + & < 1+ n/pg. The
subsequent computation is similar to (3.8) but now we apply the statement of Lemma A (see
Appendix) with the choices p := pg, s1 1= s0, 52 := 00,0 := ¥4, := 0 and € := ¢ (note
again that f (s) = Cp). Indeed, the bound (3.3) and by virtue of Holder’s inequality, for all
t € (0, Ty ] we have

t
e o 8) = Swprio]| o ccpsy < CEL | [Sap =9, o sADT ds ) 111+ [ullll}s 7
(\X) 0 P0>50 P

< CEAD L+ Jullllys 7 (3.15)

which implies the desired assertion (e) of Definition 3.1.

The uniqueness of the mild solution follows from a similar computation which resem-
bles (3.9). Indeed, let T € (0, T] and let uj, u; € E,s,1 be any two mild solutions of (3.1)
corresponding to the same initial datum u. As in (3.9), we get

-1
ur — walllps,r < C(TAD L+ ] + |l 5 7 1u1 — w2lllp57- (3.16)
p s, p

forall Ile (0, Tx]. Hence, there exists a small time Te (0, Ty ] such that u; (-, t) = uy (-, t) for
t € [0, T] and uniqueness over the whole interval [0, T] follows by a standard continuation
argument. The proof is finished. O

Lemma 3.5. Let pg € (1,00) and assume that the hypothesis (c) of Theorem 3.3 is satisfied for
some y € (1,00). Then the assertion of Theorem 3.3 holds.

Proof. Choose a value p > pg, p € (1, 00] such that

Yy <p, yéd <land (y—1)<8+g)=1_

We may apply the whole statement of Lemma B with the following choices p := pg, q :== p and
the set IT := {uo} C LP° (2\X). Consider the functions g, W constructed in Lemma B and
recall that (W (£)) ™% = g (A 1)~%. The proof is in the same spirit of [44, Lemma 8] where
in the proof of previous Lemma 3.4, we perform the uniform estimates in a new (weighted)
Banach space Ew 5,1 C Eps,1 given by

Ewps,r = {M € Eps, 1> llullwpsr = sup (W) luGDllp@s) < OO}-
te(0,T]
As we mentioned already, the proof is based on the same iteration argument performed for
the sequence (3.6) taking place now in the space Ew,ps,7. First, to show that u,, € Ew s, is
well-defined for all m € N, we again apply an induction argument. Suppose that u; € Ew 6,1
is arbitrary and assume that u,, € Ew ¢ is already proved. Next choose s; € [1, 00] such

that the equality
ny n n
—=—=14+-—=( -1
p s p
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holds. The bound (3.3), the estimate (2.38) on H Sa,p(t) || 0 and the Holder inequality give

it tllwpsr = C (lollzn@nz) +¢ (D 11+ [l 57

where

t
¢ (T) = sup (W(0)° / | Sep (t—s>Hp,Sl (W (s)™"ds
te(0,T]

= (M)’ " sup (tA1) ||Sa5(t—s)|| WA (3.17)
te(0,T]

The second factor on the right-hand side of (3.17) can be estimated by application of Lemma A
with the choices p := p, 51 := 51,8 := 00,0 := y§,6 :=and ¢ := 0 (as well as f (s) = 1).
Then one has ¢ (T) < C(g(T))” ! and limy_.o ¢ (T) = 0. Henceforth, u,, 41 € Ewps,T>
for all m € N and the claim is proved. The rest of the proof goes exactly as in the proof of
Lemma 3.4. We briefly mention the (modified) estimates without giving the full details. In
view of the Lipschitz condition (3.4) and the Holder inequality, we get

tmt1 = vmllwps,r < @ (T I+ || + ltm—1 1117, pﬁT llum — wm—1llwps1>
forall m > 2. As usual, defining U := ||u; || wps,r T2z —ullwpsr and choosing a small
enough time T, € (0, 1] such that Co (T) (1 + 2U)”~! < 1/2, we obtain the analogue of
(3.11) in the space Ey ¢ 1, instead of E, 5, 1,. Therefore, we deduce again the existence of a
limit u € Ew ps,1, such that
m [t — ullypsr, = 0.
m—0o0

The estimates (3.13) and (3.14) concerning the nonlinearity F are proved exactly as in
Lemma 3.4. The estimate (3.15) concerning the initial datum ug reads

for all t € [0, Tx]. We now recall that hmt_>og (t) = 0 by Lemma B (b). Thus, u is a mild
solution of (3.1) in the sense of Definition 3.1 on the time interval [0, Ty]. The uniqueness of

the mild solution follows from an argument that is similar to the computation (3.16); we omit
the details. O

We conclude the proof of Theorem 3.3 by verifying the following statement.

Lemma 3.6. Assume (F3) and (F4) and let uy € X°° (Q2\X). Then the assertion of Theorem 3.3
is satisfied.

Proof. In this case § = 0 and ¢ := 1. The proof exploits a Picard iteration argument for
the sequence (3.6) in the space E o, 7. Define a measurable function Q such that Q (Ju|) =
Q4+ (Juy|) whenever u = u, (a.e.) on 24, and Q (|u|) = Q— (Ju—|) when u = u_ (a.e.) on
Q_. The conditions (F3) and (F4) on the nonlinearity F then read

[F ()] < Q(Jul),ae in Q\X, (3.19)
and

|F(u) — FW)| < Q(u|l + |v]) lu —v|, a.e.on Q\ X. (3.20)
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We refrain from giving the entire details but briefly mention the main estimates. In a similar
fashion to the proof of Lemma 3.4, with some minor (inessential) modifications we obtain

tms1llooo,r < C (ltollo@x) + TQ (Ntmlllooo,r)) »
Httms1 = tmlllsoo,r < TQ (INttmllloc,0,r + Nttm—1llloo0,7) thm — thm—11llcc 07>

| G 1) = Sap Do | oo g 5 = 1Q(Il1lllow0,7) -
(3.21)
forallt € [0, T], with T > 0. We leave the details to the interested reader since the arguments
are almost verbatim to those performed in the proof of Lemma 3.4. The proof is finished. [

We also give the following continuation theorem and conclude that the mild solution is
locally bounded in time in the space L*° (2\X). Since the corresponding arguments are
somewhat standard (see [44]) we mention only some brief details.

Theorem 3.7 (Continuation and local boundedness). Let the assumptions of Theorem 3.3
be satisfied. Then the mild solution of problem (3.1) has a maximal time interval of existence
Tmax > 0 and either Tmax = 00, or Trax < 00 and

117131 lu (5 Ol ppo @\ x) = 00- (3.22)

= Tmax

In the case (c) of Theorem 3.3, (3.22) only holds under the additional assumption that the set

u (') t)
K (H) = — Y u (" t) S LPO (Q\E) 5 te [0> Tmax)a ”M (') t)”LPO(Q\Z) 7é 0
lu G5 Ollpeo @\ 3)
(3.23)
is precompact in LP* (Q\X). Finally, every mild solution satisfies
sup lu (- D)llpo@\x) < 00, forall Ty, Tz € (0, Tiax) - (3.24)
te[T1,T2]

Proof. We first claim that

sup lu (D)o@ m) < 00, forall To € (0, T1,
te[To,T]
where T > 0 is the existence time defined in the statement of Theorem 3.3. Obviously, the
case pg = o0 is already contained in the proof of Theorem 3.3, so it suffices to take py < oo.
Consider the two sequences { p,-}, {6} as constructed by Lemma C (see Appendix) such that
8i € (0,1),i=1,...,k,and pg < p1 < --- < px = 00. One can now inductively apply for
eachi = 1,...,k, the statements of Lemma 3.4 (in the case (a)) and Lemma 3.5 (in the case
(c)), respectively, to show
sup [lu (5D llpri\x) < Crprs i= 1.0,k (3.25)

te[To,T]
The argument leading to (3.25) is contained in the proof of [44, Lemma 13] and follows
without any modifications. For the existence of a maximal interval time of existence, as in
the statement of Theorem 3.7, as well as the validity of (3.24), the constructive arguments
using the mild solution can be found in the proof of [44, Theorems 1 and 2, pp. 51-54]. O
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4, Global mild solutions and regularity

We are next concerned with further regularity properties for the mild solution of (3.1) and
global well-posedness results under sufficiently general conditions on the nonlinearities f.

Definition 4.1. Let p € (1, 00). By a strong solution u of (3.1) on the time interval I we mean
(a) u is a mild solution in the sense of Definition 3.1 (with py = 00).

(b) u € COF (I; L*® (Q\ X)), for some T € (0, 1).

(c) u(,t) eD (Aa,,g,p) and dsu (-, t) € LP (Q\X) are well-defined for almost all ¢ € I\ {0}.
(d) 0 (-, t) + Ag ppu (-5 t) = F (u (- 1)) is satisfied for almost all ¢ € I'\ {0}.

Theorem 4.2 (Strong solutions on [0, Trnax)). Let up € D (Aa,/g,p) for some p € (n,00).
There exists a unique strong solution of (3.1) in the sense of Definition 4.1 on the time interval
[0, Tmax) provided that assumptions (F3) and (F4) are satisfied. In particular, Egs. (1.8)-(1.10)
are satisfied a.e. in Q4 X [0, Trax), in Q_ X [0, Tmax) and on X x [0, Trax), respectively.

Proof. By Lemma 2.17, ug € D (Aa,gp) C X*° (2\X). Hence, by application of Theorem 3.7
there exists a (unique) mild solution u € Ex 0,1, T € (0, Trax), that is given by an integral
solution (see Definition 3.1 (d)). Furthermore, let T € (0, Tmax) and recall by (3.24) that
sup flu (0 llze@\x) < Cr- (4.1)
t€[0,T]
For any mild solution that satisfies (4.1), we define H : (0, Tax) — L (Q\X), as H () :=
F (u (x,t)) where we recall that the locally Lipschitz function F obeys the conditions (3.19)
and (3.20). In particular, we have SUP;e0,7] IH () llzo@\x) < Q(Cr), where Q is the same
function as in the proof of Lemma 3.6. With this new definition, the integral solution for the
mild solution u can be written

t
W(ot) = Sup (Do + / Sup (t— ) H (5) ds, (42)
0

for all t € (0, Tmax). Let us now check in what sense the initial condition u (-,0) = wug is
understood. To this end, let & € (n/p,1) (where p € (n,00)) and observe that the inclusion
D(A? , )y € L™ (Q\X) is continuous. In view of Remark 2.15 we also recall from [25, p. 26]

o.p.p
(since the semigroup is analytic) that for all ¢ > 0,

‘A;j;,;” (Sup () — 1) pr <C(tA DT, forall T € (0,1) (4.3)
and
‘A;ﬁpsa,ﬂ (t) H <Gy (tAD)T, forall 7 € [0,1]. (4.4)
s pp
In all the estimates that follow, welet0 <t <t + h < T < Tpax. Using (4.2), we estimate
0 1-6
4% 5 () = ) HU(Q\E) < CUAD [Agpptol pien )

t
+ [
0

<CcueAn?|A

Ag,ﬂ,ps%ﬂ (t—ys) pr IH ()o@ x) ds

a,ppY0 HLP(Q\E)
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t
+ C/ ((t—s) A1) ds sup I1H ()l @\ x)
0 te[0,T]

= CUAD™ [[Awppto] gy + QECD],
owing to (4.4). It follows that
I 8 = o llenmy = CEA D™ [[Aappto] gz +QECD],
forall t € [0, T]. Next, we show that u is continuous in time. The integral solution (4.2) yields
h
u(t+h)=SepMmu,t)+ / Sa,p (h—s)H (t +s)ds. (4.5)
0

Our goal is to estimate u (-, ¢t +h) — u(-,t), for h < 1. Let now 0,1 € (n/p, l) and a

sufficiently small . € (0, 1) such that n + u = 6. For the “linear” part of (4.5), owing to
(4.3) and (4.2) we have the estimate

400 (Sup Duc0 —uc0)|
—1 n+n
= ’Aa,ﬂp ap (h) = H HA ul )HLP(Q\E)
t
<C(hADH () Ag,ﬂ,puonmz) + /0 )Ai,ﬂ,psa,ﬂ (t—ys) pr I1H ()l zp(\ ) d5>

t
< ChAD (nuouD(Aa,ﬁ,p) +Q(Cr) /0 (=AD" ds)

= ChaD* (Iwlipa, ) +Q(CD EAD'T). (46)

Observe preliminarily that this quantity goes to zero as h — 0T, for all ¢t € [0, T]. Thus,
exploiting (4.6) and once again (4.4) we get

|

AL g (ot ) —u, t))H

< ’ Agpp Sap Wu 0 —u ) H

h
+/‘A
0

< CA D" (luollp(a, ) + QCr) (EA D)

LP(Q\D)

IP(Q\D)

1 S (1= 9) Hp’p IH (£ + 9l x) ds

h
+ Q(CT)/ (h=s)AD)™TH((h—s)AD)Hds
0

<C(hADH <||M0||D(A

forallt € (0,T]and h € [0, T — t]. By Lemma 2.17, the inclusion D(Az,ﬁ’p) C L*®(Q\X)
is continuous. Therefore, choosing = min {u,1 — 6} € (0, 1), for sufficiently small h, we
deduce from (4.7) that

luCt+h) —uDle@s < ChADT I:”uO”D(Aa)ﬁ,P) +Q(Cp) (17 + T“)] '
(4.8)

wpp) T Q) (A 1)1‘9) +QECH) TH (A, (47)
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This estimate implies that u € C% ([0, T]; L™ (R2\ X)), which is the desired conclusion (b)
of Definition 4.1. Furthermore, the latter also implies that H is Holder continuous for all t €
(0, Tmax), owing to the local Lipschitz continuity of F (see (3.20)) and the fact that u € Ex 0,7
(i.e., |4l loo,0,r < U), we have that

”H (t) —H (S)”LOO(Q\E) < CT,U It — S|T N for all t,s € [O, T] . (49)

Hence, in view of (4.9), the formula (4.2) and the application of [25, Lemma 3.2.1 and
Theorem 3.2.2] (with the choice X = L (2\ X)), we can infer the remaining properties (c),
(d) of Definition 4.1. We have verified that u is a strong solution in the sense of Definition 4.1
and this concludes the proof of the theorem. O

As a consequence of the proof of Theorem 4.2, we may also infer the following.

Corollary 4.3 (Global regularity of the bounded mild solution). Let (F3) and (F4) be satisfied
and uy € X*° (Q\X). Consider u to be the corresponding bounded mild solution in the sense of
Definition 3.1 on the interval I = [0, T] or I = [0, 00). Assume

M .= sup ”l/l (', t)”LOO(Q\E) < OQ. (410)

tel

Then for all Ty € I\{0}, u is a strong solution on the time interval Iy := [Ty, T] (or Iy =:
[To, 00)) in the sense of Definition 4.1 (for any p € (n,00)).

Proof. As in the proof of Theorem 4.2 it suffices to show that u COT ([To, T]; L™ (R\X))
for any [Ty, T] C I, for some 7 € (0, 1). To thisend, let p € (n,00) and 6,7 € (n/p, 1) such
that & = n + u for a sufficiently small & € (0, 1). By the formula for the integral solution u,
we obtain owing to Holder’s inequality and (4.4),

‘ A

AlpgSan O Tolzas

0
01 =
R P

t
+Q(M)/ ‘AQ Se. (t—s)H ds
R pp

< CtAD? Juollpe(@yzy + CQM) (¢ A D'

< C(To AD™? (lugllix @\ 5) + QM) (4.11)

forall t € [Ty, T]. Consider now the integral formula (4.5), which forall To <t < t+h < T,
reads

h
u(t+h)=SepMul,t)+ / Sa,p (h—3s)F(u(-,t+s))ds. (4.12)
0

By (4.3) and (4.4), exploiting the bound (4.11) we once again have

AL g (ot +h) = u, t))H

S ‘

LP(Q\X)

ALy S =Duc.n)

h
+ [
0

LP(Q\Z)

Ay =9 NGt + ) iz ds
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h
K _ n+p . _ —-n
< |k, s -0 Hp)p [arsteucn Hm\m + Q(M)/O C(th—9) A1) ds
0 1—
< Cian* A% 5 u 0 HU(Q\Z) +ChA DT Q(M)
< ChADT[QMD) + (To AD™ (ol + QD)) (4.13)

Here, we have also set T = min {u, 1 — 1} € (0, 1). The embedding D(Az’ﬂ,p) — L (Q\X)
yields from estimate (4.13) the desired claim that u is T-Hoélder continuous with respect to the
L* (22\ X)-norm. Thus we may conclude the thesis using the same argument employed at the
end of the proof of Theorem 4.2, on any time interval [Ty, T] C I. The proof is finished. [

Our final goal in this section is to derive an explicit uniform L*°-estimate (i.e., (4.10)) from
some given L"-estimate of the mild solution. In what follows we shall implicitly make use of
the fact that every mild solution constructed in Section 3 is in fact a differentiable solution
on some maximal interval of existence, satisfying Definition 4.1(d). That is, indeed it is a
strong solution in the sense of Definition 4.1. In the case uy € X*° (2\X), this statement is
already a consequence of Corollary 4.3 and the local boundedness of the mild solution (see
Theorem 3.7). In the case when uy € L0 (Q\X), po € [1,00), the arguments below can
still be made rigorous by employing a regularization procedure in which ug,, € D(Aq,,) C
X®(Q\X) C L™ (Q2\X), for some p > po, p € (n,00) such that up, — ug in LP° (Q\X) as
m — o0 (since D (Aa,ﬂ,p) is dense in LP0 (2\X)). This is no serious drawback since the
corresponding mild solutions u,, associated with the initial datum u,, are indeed strong
solutions and every mild solution associated with the initial datum ug € LP° (Q2\X) is locally
bounded (see again (3.24)).

One method to derive the uniform a priori L"-L* bound is to employ the extended
Moser-Alikakos scheme that was developed for parabolic problems with fractional diffusion
in [15, 17] (cf. also [14, 16] for problems with a standard diffusion mechanism in bounded
domains with rough boundaries). This procedure cuts off the use of the Gagliardo-Nirenberg
(interpolation) inequality and is based on a crucial lemma (see [15, Lemma 3.4]), and a simple
embedding result associated with the linear operator Ay g (in our case, see (2.9)). We recall
that such a procedure usually requires to test the parabolic equation with powers (of the form
lu|"1 u, 1> 2) of the solution and is generally quite complicated. Unfortunately, this method
presents an important drawback for our nonlocal transmission problem (1.8)-(1.12). It turns
out that in this case |u|"2u, | > 2, need not even belong to W@h2(Q\ ) (see (2.8)), for a
general (smooth) function w unless w = 1. We state the following theorem without a proof.
However, we remark that it can be obtained by performing some simple modifications of the
proof of [15, Theorem 3.7] (cf. also [17]).

Theorem 4.4 (Global a priori estimate: the special case w = 1). Assume that w = 1 and
fx satisfies

f )&= —-Cp (52 + 1),forall & € R, forsome Cf, > 0.
Then every bounded mild solution u satisfies the estimate

sup [lu (D)o@ < C (||uo||L°°(sz\2) + sup ||U(',t)||L1(Q\2)> ;
te[0,T] te[0,T]

for some constant C > 0 independent of t, T, ug and u.
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Instead, we shall appeal to a method exploited and further developed in [44] for classical
systems of parabolic equations with standard diffusion A, and which is based on “feedback”
and some bootstrap arguments. The advantage of the “feedback” argument is that it also
extends to the case « > B and w # 1 (for a generically smooth w), and uses only elementary
inequalities. The next theorem generalizes the “feedback” argument to nonlocal problems
with fractional diffusion, including ours (1.8)-(1.12), for the mild solutions associated with
an initial datum uy € XP0 (Q\X), po € [1,00], as constructed in Section 3. As before, we
recall that N

non
n= 2 and § = PR forall p e [po,oo].
In what follows, we allow for any (sufficiently) smooth w satisfying the hypothesis of
Proposition 2.4.

Theorem 4.5 (Global a priori estimate: the general case « > B). Let r;,r2 € (0,00], y €
[1, 00) satisfy

n 1 -1
(y—1) <— + —) < land Y <1, ifr < oo. (4.14)
8l 19 r

Assume f+ obey the conditions (F1) and (F2) for some y € [1,00) satisfying (4.14). Let now
up € XP (Q\X) (po € [1,00]) for which the corresponding mild solution satisfies

l2lly,ry,r < L0l xp0 2\ ) (4.15)
on any time interval [0, T], for some positive increasing function L > 0 (independent of u, ug)
but which depends on the XP° (Q\ X)-norm of ug. Then problem (3.1) has a unique global mild

solution on [0, 00) in the sense of Definition 3.1. In particular, there exist numbers p > 0 and
& € (0, 1) such that the mild solution u satisfies the estimates:

sup (A 1)‘S lu D llp@\xs) < 00, forallp € [po,oo] (4.16)
te(0,00)
and
lu (5 D) llpo@ysy < CEAD P [luglippe sy + (6 A D (P + @°)], (4.17)

where & = @ (”U()”Xpo(g\z)) = (1 +L (”u()pro(Q\E))). Estimate (4.17) holds with p = y
if one assumes that

1
(y—1)<£+—)<land151.

1 L) "

The proof of this theorem is based on some subsequent lemmas.

Lemma 4.6. Let py € [1,00], 1,12 € (0,00], ¥y € [1,00), b € [0,1], ¢ € (0,1) and p €
[po, oo] such that

n 1 n
y(l—b)<—+—)<1+(l—yb)——s,
1 &) p
(1-0) b
+V‘§1,
(lr—lb) p (4.18)
y +ybs <1—s¢,
&)
n o n
yb<1,§=— ——.
po P
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Let f1 obey the condition (F1) for some y € [1,00) satisfying (4.18). Let the mild solution
u for problem (3.1) with an initial datum uy € XPO(Q\X) satisfy the a priori estimate
lully, r,r < 00, for any T > 0. Furthermore assume lulllps,r < 00 and for b > 0 define

U :=Cr (Ill + |ul IIZ(i ?) Then there exists a constant Cy. > 0 independent of ug, u, U, t and

T such that
1
ulllps.r < Ce [lollmianz) + (T A D (U +U™7)]. (4.19)

Proof. We shall exploit again the integral formulation for the mild solution (see Defini-
tion 3.1). By (4.18), there exist 51,5, € [1, oo] such that

n 1 n
— = <14-—c¢ (4.20)
S1 $2 p
1
—+ybs<1—e¢, (4.21)
$2
1-0 b 1
y— 2 <2 (4.22)
11 p S1
1-0b 1
14 < — (4.23)
[§) s

We have

t
I GOl @z < [Sap®],, 4ol @)+ /O [Scp (£ =9, IIF @ G 5D 111 13 s

We use (3.3), to split the nonlinear term into several terms. First, by (4.22) and the Holder
inequality we get for all t > 0,

EAD lu )l

< (A D [Sup () ||P)p0 lluoll 2o @\ 3)

t
1-b _
+ (AL Cp/ S £ =9, 11+ |u(s)|||{,<1(g\)z) (s A1)V gs
0

x (L +Fulllg 7 )- (424)

The first summand on the right-hand side of (4.24) can be estimated using the ultracontrac-
tivity property (2.38) for Sy g(t) as a bounded operator from L (\X) into L? (2\X). For
the second summand we apply Lemma A with the choice p, 51, 52, §, € as above, 6 := y b and

f(s)=Cplll+|u (-,s)III’L’,(ll(Q\E) Hence from (4.24), we deduce
lulllps,r < Clitollro @) + C(T A D ps, (f) 1111+ |u||||P5 T (4.25)
The function ps, (f) can be estimated from the same Lemma A using the Hlder inequality

on account of (4.23). It follows that p;, (f) = Cr (IIl ~+ |u| ||y(l_b)) = U. Therefore, (4.25)

rir2, T

implies that

Mulllpsr < Clluollzro@sy + C(TAD UL+ Iullllp” (4.26)
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Observe now that (4.26) is already the assertion (4.19) when b = 0. In order to show the
estimate in the case when b > 0, we apply a “feedback” argument to (4.26) by employing the
“feedback” inequality of Lemma E with the following choices
y = ulllpsr> 20 := C(luollpo@xy + (T ADU), 21 := C(TAD*U
with o := yb < 1. Indeed, (4.26) yields that y < zy 4 z;)° and therefore, we obtain
20
1—

The foregoing inequality yields (4.19) with constant C,, = C/ (1 — yb) + CV/(1-7D),
Next, we can also check in what sense the initial datum is satisfied. By the integral formula
and the bound (3.3) we have

1
1-o0
y= +2z;7.

et 1) = Sap (1) 110 ||LP0(Q\2)

t
1-b b
scpf [Sarp (6 = 9] 11+ 1 GOy I+ T T (g 5 s
0

on which we can once again apply Lemma A with the same s, s, and choice of function f as
above, and § := 0, p := po, 0 := ybd and ¢ := 0. By (4.20) and (4.21), we can easily verify
that the assumptions of Lemma A are indeed verified. We get

4 (o8 = S (0 t10]| o 5y = CCEA D ey (F) 11T+ a5

b
< CUAD UL+ [ull125 75 (4.27)

for all t € (0, T. Finally, it is also easy to check that ||F (u)|l; ;7 < o0, for any T > 0 for
which u satisfies (4.19). The proof is finished. O

Lemma 4.7. Let pg € [1,00], 1,12 € (0,00], y € [1,00), b € [0,1], ¢ € (0, 1) satisfy

1

y (1 =0 (E-i-—) <1l—eg, (4.28)
rnon

1-b <1, (4.29)
r

yb < 1. (4.30)

Let f1 obey the condition (F1) for some y € [1,00) that satisfies (4.28)-(4.30). Let the mild
solution u for problem (3.1) with an initial datum uy € XP° (Q\X) satisfy U < oo for any
T > 0, where U is defined in the statement of Lemma 4.6. Furthermore for b > 0 assume
that sup;c o,y 14 (5Dl x) < 00 Then there exists a constant Cy. > 0 independent of
uo, U, U, t and T such that

_n 1

I G Dlle@nmy < Ce A DA [luollosy + EA D (U+UDF) ], @3
forallt € (0, T].
Remark 4.8. In the case b > 0 the a priori information supse o,y 14 (Dl sy < 00

is essential to deduce the explicit estimate (4.31) with a constant independent of time and
of any T > 0. Otherwise, no conclusion can be drawn from the “feedback” argument. On
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the other hand since every mild solution of Theorem 3.3 is locally bounded by Theorem 3.7
on (0, Tax), we can infer from (4.31) that T, = oo for as long as U is finite on any time
interval [0, T] .

Proof of Lemma 4.7. First, we observe that when py = 0o or b = 0, the assumptions (4.18)
of Lemma 4.6 are satisfied with p := 00, § := 0 and ry, 1, y as above in (4.28)-(4.30). In
this case, the assertion (4.31) is equivalent to the estimate (4.19) of Lemma 4.6. Thus, we may
assume that py € [1,00) and b € (0, 1]. We apply an inductive argument with help from
Lemma 4.6. To this end, consider the finite sequences { p,-} withpg < p1 < -+ < px = 00,
and {§;} € (0,1) fori = 1,...,k as given by Lemma D. We then apply Lemma 4.6 with the
choices pg := pi—1, p := pi, 8 := §;, the exponents ry, 1, ¥, b as above in (4.28)-(4.30), and
initial datum ug := u (-, t) for arbitrary t € (0, T]. It follows that (4.19) of Lemma 4.6 yields
forallhe (0, T —t],i=1,...,k,

1
1 G+ Wl < G GO my + B A D (U+UFA) ] (432)
The choice t = ih — h in (4.32) then gives
_1
(A DY il lens) = Ci [l Coih = sy + A D* (U+ U7 )]
(4.33)

foralli=1,...,kand h € (0, T/i], for some C; < co. An induction argument in (4.33) for
i=1,...,kimplies

1
(A D™ i sens) = G [ lollpo@z) + A D" (U+UTF)]. (4349)

Since §; = n/pi—1 — n/p;, we readily have §; + - - - + 8 = n/po and (4.34) with i = k, gives
no other than the required estimate (4.31). This completes the proof of the lemma. O

Before we can finish the proof of Theorem 4.5 we also need the following continuous
dependence estimate.

Lemma 4.9. Let pg € [1,00], 11,12 € (0,00], ¢ € (0,1), p € [po, o0] and assume (E2) for
some y € [1,00) that satisfies

no1
y—=1 (— + —) <1l-—g¢, (4.35)
noon
—1 1
Y i<, (4.36)
st p
—1
Y is<l—s (4.37)
r

and the a priori estimate (4.15). Let u; be any two mild solutions in the sense of Definition 3.1 for
any two initial data ug; € XP° (Q\X), i = 1,2. Then there exists a constant C > 0 independent
of uj, t, T and ug;, such that
1 — uzlllps,m < Clluor — uozllzro ()
-1
+C(TAD I+ Jurl + lualll] 7 e — walllps,rs  (4.38)

forallt € (0, T].
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Proof. The argument follows in a similar fashion to the computation (4.25) and (4.26) using
the local Lipschitz condition (3.4). Choose s, s, € [1, 00] such that

y —1 1<1 y—1<1

= > =

r p s r $2
and
n 1 n 1
—4+———-+e<1l, —+06=<1l-¢.
S1 s p $2

By the integral solution representation for each u;, by the Holder inequality and (3.4) we have

(1 —u2) G5 D) llp )

< [[Sap () ||p,p0 lluo1 — uo2ll 0 2\ x)

t
+Cr [[lur — Mz|||p,3,T/0 S (= S)HP,SI

-1 _
XL+ w1 o)l + w2 GOl gy A D™ ds. (4.39)

The first term at the right hand side of (4.39) can be estimated as before using the ultracon-
tractivity estimate for Sy g(¢). For the second summand in (4.39), we apply Lemma A (whose
assumptions are satisfied) with the choices

-1
£ = CrllL+ [y 91+ lu2 G o)
and p, s1, 52, € as above, and 6 := 4. The foregoing inequality then yields
lur = u2lllps,7 < Clluor — uozllzeo @\ x)
+ C(T A p, () w1 — ua2lllps,7 - (4.40)
The functional ps, (f) can be estimated exploiting Lemma A once more to find
-1
po, (F) < CellL + | + w175} < oo,
which is finite by virtue of the assumption (4.15). Thus, (4.40) implies the desired assertion
(4.38) of Lemma 4.9. O
Proof of Theorem 4.5. Let ug € XP° (Q\X) and consider a sequence {uo;}jen C D (Ao,,,g,p) C
L (Q\X) for p > po, p € (n,00), such that
li P — =0 4.41
]_lfgo Jluoj — uo ”U’o ©@\3) (4.41)
(recall that D (Aa,‘g,p) is dense in L° (2\X)). By Theorem 3.3 there exists a unique mild
solution uj for problem (3.1), which is also smooth by Theorem 4.2, on the time interval
[0, T)), where T; > 0is the maximal existence time. We can show that T; = oo, forallj e
N. The assumption (4.14) of Theorem 4.5 implies that there exist numbers ¢ € (0,1) and

b € [0, 1/y) such that the assumptions (4.28)—(4.30) of Lemma 4.7 are satisfied. Then we can
infer from the estimate (4.31) that

_n 1
[0 1oz = Ce A D™ [lolpo@sy + ¢ A DS (U+UTA)], (442)
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forallj € N,and t € (0, Tj). The constant Cy > 0 is clearly independent of j. The assertion
(3.22) together with (4.42) and the fact that
1-b
U =cesup {1+ [w][15,7) : T € 0,00} < o0
jeN
uniformly in j, owing to condition (4.15), shows that T; = oo for all j € N.

The final goal of the proof is to show, along a proper subsequence (still denoted by) {u;},
that u; converges to a function u on any interval (0, T] C (0, 00). To this end, we also observe
that due to the uniform estimate (4.42) and the assumption (4.15), we have

V := CF sup {(”1 + |uj| + Ium|| v-l ) : T e (0,00)}
jmeN

r,r2,T

< C(1+2L (luollpmiensy)” " (4.43)

We choose the initial time ih for an arbitrary h € (0,00) and i € Ny := N U {0}. The
continuous dependence estimate (4.38) yields in light of the uniform bound (4.43) that

11— ) G+,
= 5~ ) €] o gz + C A 17 V(35— ) G| [25, (84

forallj,] € N,andi € Ngand h > 0. Choosing h < 1 small enough such that C(h A 1)° V <
1/2, from (4.44) we get for all i € Ny that

|||(”J' - ”l) (ih + ')|||p,a,h = C||(”j - ”l) ("ih)||LPo(sz\2)'

In particular, owing to (4.41) and a continuation argument, we obtain that {u; }jeN is a Cauchy
sequence in the Banach space Ep s 1, for all T € (0,00). Therefore there exists a function
u € Eps 1, forany T € (0, 00), such that

lim [ = ul|] 5.7 = 0, forall T & (0,00). (4.45)
Fixing now a time ¢t € (0, T] C (0, 00), (4.45) also yields that u; (x,t) — u (x,t) for almost
all x € Q\X; we conclude that (4.42) also holds for u (-, t) (as well as the estimate (4.16) is
verified). Thus, u is well-defined globally on (0, 00). In order to show that the limit solution
u is also a mild solution in the sense of Definition 3.1, we argue exactly as in the proof of
Theorem 3.1, by taking advantage of the strong convergence (4.45) to pass to the limit in the
integral solution representation for u;. We leave the (repetitive) details to the interested reader.
The proof is finished. O

We conclude this section with the following.

Corollary 4.10. Under the assumptions of Theorem 3.1 and Theorem 4.5, every mild (globally-
defined) solution of problem (3.1) with initial datum uy € XP0 (Q\X), po € [1,00], is also a
strong solution on [§, 00), for any 8 > 0 in the sense of Definition 4.1.

5. The case @ < 8 and concluding remarks

In this article, we have considered a general family of transmission problems with anomalous
diffusion that has not been considered or analyzed anywhere in the literature before. We have
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given a unified analysis of our transmission problem in the case « > B using basic tools in
nonlinear analysis and Sobolev function theory together with semigroup methods. We have
developed well-posedness results for our family of transmission models which include local
existence results (Section 3) and global regularity results (Section 4).

5.1. Thecasea < B

The present analysis can be extended to nonlocal transmission problems with fractional
diffusion in the case 1/2 < o < B < 1. To this end, we briefly verify that the parabolic
system (1.8) and (1.9), (1.11) subject to the transmission conditions

Wiy =u_, Niusu_)+buy =0, on (0,T)x X, (5.1)
and initial condition (1.12) is also well-posed (see Figure 1). Here, we have defined the jump
Nig (g (0),u— () = CpN?Puy (0) — CuW () NP2 (x) (5.2)

where w € W% (2) with6 > o suchthatd + 8 —a > (N —1) /2. Any 6 > N/2 works.
We consider the fractional order Sobolev space

WeA2(Q\ %) = [u € I2(Q\X): u_ € WH(Q_), u, € WP2(Q,)and u_ = Wu, on 2},

endowed with the norm defined by

) B 2 () —u-()?
”u”W(a,ﬂ),Z(Q\E) - ,/Q\E |ul d'x+/Q_/_ |x_y|N+2a dxdy

|lug (x) — ug(y)|?
+ dxdy.
/m /sz+ |x — y|N+28 4

We notice that (2.10) and (2.11) remain true with W(@£)2(Q\ %) replaced by Wiep)2 (2\2).
The corresponding embedding (2.9) becomes

2,

TEB2(Q\D) < LF-2 (Q\X). (5.3)

In addition we have that

) ) lu_(x) —u_(y)|?
= [LuiPao+ [ [P gy

. 2
+/ / luy () — uy ()| dxdy, (5.4)
QL JQy

|x — y|N+28

defines an equivalent norm on W(a’ﬂ)’z(Q\E). Its proof follows the lines of the proof of
Lemma 2.5. _

Letb € LZO(Z) be nonnegative. We define the bilinear symmetric form &, g with domain
D(Eqp) = W@A2(Q\T) by

£, 5(u,v) = %/g /Q (u-—(x) —u_()(v-(x) — V—()/))dxdy

|)C _y|N+2a

N %/‘ (ur(x) —ur (M) (v x) —ve(y) dxdy+/ buy vy do. (5.5)
Q4 Jo, z

P |x — y|N+28
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Proceeding exactly as in Proposition 2.11, we infer that Eu ,p isa Dirichlet form; more precisely,
itis closed and Markov1an on L?(Q\X). Let now Aa g be the self-adjoint operator on L*2(Q\X)
associated with &y 8- It has the following properties (see the proofs of Proposition 2.12 and
Theorem 2.16, and (5.3)).

Theorem 5.1. The operator Za,ﬂ is given by
D(Aap) = {ue WOPQE), (-A)E u- € 1AQ), (~A) uy € LAQ4),

N220y =0 on T, Nig(up,u_)+buy =0 on =} (5.6)

and, foru € D(Za,ﬁ), we have
Za,ﬂu = (—A)g+u+ on Q, and Za,ﬁu =(—A)G u_onQ_. (5.7)

Finally, the following are also true.

(a) Aq , has a compact resolvent, and hence, has a discrete spectrum. The spectrum oan g isan
increasing nonnegative sequence of real numbers {)»k}keN such that kk — 00. Ifb satzsﬁes
(2.22), then &y > 0. Ifb =00-ae on X, then Al = 0. If u is an eigenfunction oanﬁ
associated with the eigenvalue Ak, then 1), € D(Aa B) NL> (Q\E)

(b) The operator —Aa,ﬁ generates a submarkovian semigroup (e~ tAaﬁ)tzo on L*(Q\X). The

latter can be also extended to a contraction (compact) semigroup Ea,,g,p (t) == e Habr on
LP(Q\X) for every p € [1,00], and each semigroup is strongly continuous if p € [1,00)
and bounded analytic if p € (1, 00).

(c) Foreveryl < q < p < oo, there exists a constant C > 0 such that for every f € L1(Q\X)
andt > 0,

N

A “Plps) < CEA 1)_5(5_‘7) Iflla\x)-

On account of Theorem 5.1, all the results on well-posedness and global regularity of mild
solutions for problem (1.8) and (1.9), (1.11), (5.1), as stated in Sections 3—4, remain valid
with one simple modification: one redefines n := N/(2«) (instead of n = N/(28)). To avoid
redundancy, we refrain from explicitly stating these results and their verbatim proofs. Finally,
we also recover the result of Theorem 2.22 with the following modification: in the cases (a)
and (b) assume q > N/(2x).

5.2. Related local-nonlocal transmission problems

Although only the case of fully nonlocal transmission problems of the form (1.8) and (1.9)
have been considered in the paper, the corresponding methods are of general nature and
can be successfully applied to other related transmission problems. Some of them are briefly
discussed below. A more detailed exposition of proofs and similar problems will be given
elsewhere. In particular, all the results obtained in the paper are also valid for local-nonlocal
transmission problems in the following cases: 1/2 < § <o =1lorl/2 <a < g = 1.If
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1/2 < B < a = 1, then the local-nonlocal transmission problem (1.8)-(1.12) reads
By + (—A)g wy +fy (up) =0, in JxQy,

ou— —Au_+f (u_)=0 in JxQ_,

Uy = wu_, on] x X

CowN*2Puy —dyu_ +bu_ =0 onj x X

dyu_ =0, on] xT,
us (,0) = ui, in Qy,
u_ (0 =1, inQ_.

The associated bilinear form £1,4 is given for u, v € D(E1 ) = WEA2Z(Q\3) by

Erp(u,v) = / Vu_ -Vv_dx
Q

. %/ / (U4 (x) — ug- () (V4 (x) — v (»))
2 Ja, Ja,

e — y N2 dxdy + /}: bu_v_do,

where
WA2(Q\5) = {u e L2(Q\D) : u_ € W(Q_), ur € WP2(Q4) and uy = wu_ on 2}.

In the case 1/2 < o < B = 1, the local-nonlocal transmission problem (1.8)-(1.12)
corresponds to

Our — Aug + fr(uy) =0 in J x Qy,
du_ + (=AY u_+f (u_) =0, in JxQ_,
Wiy =u_, onJ x %

uy — CewN?>"2u_ +buy =0 onJ x X

N2y —, onJ x T,
ug (-,0) = u(_)F, in Q,
u_ (0 =1, inQ_.

The associated bilinear form ga,l is given for u,v € D(ga,l) = W(“’l)’Z(Q\E) by
CNa / / (u—(x) — u—(y))(v—(x) — V—()/))dxdy
Q_JQ_

Ea1 (V) = 5 x — yN+2a

—f—f Vug - Vv+dx+/ busvido,
Q. x

where

WeD2(Q\x) = {u € I2(Q\X) : u_ € W3(Q_), ur € WH(Q4) and u_ = Wuy on 2}.
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5.3. Some open problems

We list a series of open questions that we hope will be of some interest to the reader.
Besides other local-nonlocal transmission problems (as stated in the previous subsection),
the following issues remain open for further study for our nonlocal transmission problem
(1.8)-(1.12).

(a)

A more refined regularity analysis to show the (Holder) continuity of the solutions (up to
the boundary) for our nonlocal-nonlocal transmission problem. We recall that a partial
result is already available for the corresponding elliptic problem in Theorem 2.22 while
the continuity up to the boundary is yet an open question for such systems. This issue is
also closely related with the qualitative behavior of (1, u_) near the interface X.

(b) A comprehensive analysis to develop sufficient conditions on the nonlinearities f1 such

(©)

that problem (1.8)-(1.12) is globally well-posed and study the further regularity of its
corresponding solutions. The latter is essential to the study of the long-term asymptotic
behavior of these systems, in terms of global attractors and w-limit sets. In addition,
the issue described in point (a) has further consequences on the dynamic behavior
of solutions for (1.8)-(1.12). Indeed, the w-limit sets of the problem (1.8)-(1.12) can
exhibit a complicated structure if the function f1 is non-monotone. In particular, this
can happen if the stationary problem associated with (1.8)-(1.12) possess a continuum
of nonconstant (steady-state) solutions. According to our discussion in [15] it may be
possible to show that each globally defined regular solution (14 (f) , u_ (¢)) converges to
aunique steady state (u*+, ui), as time goes to infinity, where (ui, u’i) is a proper solution
of the corresponding stationary problem. A second issue is to investigate whether blow-
up phenomenon occurs for problem (1.8)-(1.12), and whether it occurs in only one of
the two regions (or both), or whether the linear term bu_ present in the transmission
condition (1.10) provides for a substantial dampening effect. Also, if blow-up occurs in
finite time in some situations, where are the blow-up points? Can the blow-up occur near
the interface ?

In view of our recent work [14], other interesting transmission conditions can be con-
sidered for the parabolic problem (1.8) and (1.9), and a more general setting in which
the interface X is rough (say, a d-dimensional fractal set with N — 1 < d < N) may
be developed. In particular when ¥ is still a Lipschitz hypersurface, such transmission
conditions may read

uy =wu_, ou_ +N, (i, u)+hu_)=0, on]x X, (5.8)

where h is allowed to be a nonlinear source/sink acting solely on the interfacial region
3. In [14], a similar condition is used for a transmission problem consisting of a
semilinear parabolic equation associated with the Laplacian A. A unified framework is
developed for global existence of solutions, existence of finite dimensional attractors and
blow-up phenomena for solutions under general conditions on the bulk and interfacial
nonlinearities with (possible) competing behavior at infinity. Such questions remain open
for the transmission problem (1.8) and (1.9), subject to conditions like (5.8), and suitable
initial conditions for (v, u_).

(d) In Remark 2.1, we have said that if using the fractional Laplacian (see (2.1)) in place of

the regional fractional Laplacian, then it is not clear if this leads to a local transmission
condition. This point should be investigated further. Indeed, if on the lower-side we
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have instead used the fractional Laplacian but kept the regional fractional Laplacian on
the higher-order side (see Figure 1), it is still possible that we would get a local (albeit
different) transmission condition. Then what if the fractional Laplacian was also used on
the higher-order side, what do the transmission conditions look like? Is it still possible to
develop a comparable framework for well-posedness and regularity, and then long-term
behavior as well as blow-up?

We feel that these questions are worth investigating further by ourselves and/or the
interested reader.
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Appendix: Some technical tools

We first state a result that gives an estimate on time convolution integrals involving the
bounded operator Sy g (t).

Lemma A. Definen := N/(2B) for N > 2 and B € (0,1). Let p,s; € [1,00], s € (1,00],
0,e € [0,1], § € [0, 00) satisfy

and

n 1 n n 1 n
—+—<14+- —4+—4+0+e<14+—-+9$
S1 ) y4 S1 ) p

1 1
—4+0<1, —+60+e<1+43.
$2 S

Let f : [0,00) — R be a measurable function such that

t é
ps (f) = sup ( If (O] dt) < o0.
51

t1,t2€[0,00),0<t,—t1 <1

Define the function

t
gt = (tA 1)“/0 [ Sa (t — 7:)Hp)51 TADf(r)ydr, Vi=>o.
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Then there exists a constant C > 0 independent of t such that
lg(®] < Ct AV ps, (f), forallt € (0,00).

Proof. The claim follows from combining the proof of [44, Lemma 6] with the ultracontrac-
tivity estimates of Theorem 2.16 (see, in particular, (2.38)). ]

The ultracontractivity properties of the semigroup Sy g (see (2.38)) allow us to also deduce
from the proof of [44, Lemma 4] the following lemma.

Lemma B. Let p,q € [1,00] such that p < q. Given a subset I1 C XP (Q\X), assume that

K(H):={;:u€1—[, u;éO}
lullze@\x)

is precompact in XP (Q\X). Here by u # 0 on Q\ X, we mean that uy # 0 (a.e.) on Q4 and
u_ # 0(a.e.)on Q_. Then there exists a nondecreasing function g : [0,00) — [0, 1], depending
only on p,q,«, B and I1 such that:

(a) Forallt > 0andu € I,

_nfl_1
||Sa,,3 () u”Lq(Q\E) =< Cg @) A1) n(P q> ||u||L’7(Q\Z) : (Al)
(b) We have lim;_, g+ g (t) = 0. The function W = W (t) defined by

(W(t))inGi%) =g (A 1)*(5*%)
has the properties

lim W () =0and (tA1) < W (®) < (tA 12,
t—0

Lemma C. Consider the following cases:
(a) Let po,y € [1,00) satisfy (y — 1)n/pg < L.
(b) Let po,y € (1,00) satisfy (y — 1)n/po = 1.
Then there exist ¢ € (0,1), k € N and finite sequences {pi}, {8;} such that 8; € (0,1) and
po<p1<---<pk=09 fori=1,...,k Inaddition, the following are satisfied:

(y—1)<8,~+£)+8<1, fori=1,...,k; i # lincase (b).
i
Y .
<1, ori=1,...,k
pi %
yéi <1, fori=1,...,k.
n n
— == ori=1,...,k
pi-1  pi l J

Proof. Apply the assertion of [44, Lemma 12] with q; = g2 = o0. O
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Lemma D. Let pg € [1,00] be arbitrary and r1,r, € (0,00], y € [1,00), b € [0, 1] such that

1 1-0
y(l—b)(£+—)<1, y <landyb<1.
1 L) r

Then there exist ¢ € (0,1), k € N and finite sequences {pi}, {8;} such that §; € (0,1) and
po<p1<---<px=09 fori=1,...,k Inaddition, the following are satisfied:

1-b b
14 +y— =<1, ori=1,...,k
1 Di f
y — +ybd; < 1—¢, fori=1,... k.
2
n n
6= ———, ori=1,...,k.
l bi-1  Di J
Proof. Apply the assertion of [44, Lemma 16] with q; = g2 = o0. O

The following basic “feedback” inequality is taken from [44, Lemma 18].

Lemma E. Let y,zy,z1 € [0,00) and o € (0,1) be such that y < zy + z1y°. Then

20 1

The following result on pointwise multiplication of functions in Sobolev spaces can be used
to ensure minimal (optimal) regularity on the weight w. Assume that X is smooth enough
(at least Lipschitz continuous) and s1,s3,s > 0, N > 1.

Lemma F (see [52]). Lets, s1, and s be real numbers satisfying

. N-1
min(sy,s2) > s and S1+$ —s> 5

where the strictness of the last two inequalities can be interchanged if s € Ng = {0} U N. Then,
for any w; € W2 (X)), wy € W22 (X) the product wiwy € W2 () and there exists a
constant C = C (N, sy, s2,5) > 0, independent of wi, wy such that

[wiwallws2(zy < Cliwillwsi2z) Iwzllws2s) -
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